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1.1 Background and motivation 
Acute cardiovascular conditions such as rupture of atheromatous fibrous caps, 
aortic and arterial dissections, and rupture of aortic and arterial aneurysms are topics of 
serious concern in the medical field because of their significant morbidity and mortality 
rates [1, 2]. Mechanical stress analysis using finite element method (FEM) can facilitate 
in understanding the pathogenesis [3-5] and predicting the rupture risk of fibrous caps 
[6, 7] or aneurysms [8, 9], thereby providing information to medical doctors which 
could assist them in making clinical decisions regarding the treatment of these arterial 
diseases. To obtain reliable results from stress analysis, an accurate representation of 
the mechanical behavior of the arterial tissues is essential. Thus, mechanical 
characterization of arterial tissues using hyperelastic constitutive models, which 
primarily involves an accurate identification or determination of the hyperelastic 
material constants [10-13], is of vital importance.  
The motivation of this study is to characterize and describe the mechanical 
behavior of human arteries with diseases such as atherosclerosis and, aortic and arterial 
dissection, using hyperelastic models, by representing the initial tangent modulus in the 
almost linear low-stress regions as well as the nonlinear high-stress regions of the 
stress-strain relationships. This section will provide some preliminary information 
about the arterial wall, its components, hyperelastic modeling of arterial tissues and 
characterization of the mechanical behavior of arterial tissues. 
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1.1.1 Structure and components of arterial wall 
Alterations in the underlying constituents of the arterial wall can have a 
significant impact on the arterial wall in case of arterial diseases and degeneration. 
Therefore, it is important to understand the constitution of arterial wall and its structure 
to examine it from a mechanical viewpoint. In general, arteries are classified into two 
types, i.e., elastic and muscular artery. Elastic arteries have relatively larger diameters 
and are located close to heart (e.g., aorta, common carotid and common iliac artery), 
whereas muscular arteries are smaller in size and are located in the periphery (e.g., 
femoral, renal and cerebral arteries) [14]. Figure 1.1 shows a schematic diagram of a 
canine systemic arterial tree showing the major elastic and muscular type of arteries. 
 
Figure 1.1. Schema of the major branches of a canine arterial tree (Reprinted by 
permission from Springer: Springer-Verlag New York, Cardiovascular Solid 
Mechanics: Cells, Tissues, and Organs by Humphrey, J.D., (2002) [15]). 
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The arterial wall typically consists of three layers, i.e., the intima (tunica intima), 
the media (tunica media) and the adventitia (tunica adventitia) (Figure 1.2). The intima 
is the innermost layer of the artery. The media is separated from the intima by the 
internal elastic lamina. The media typically consists of a network of elastin and collagen 
fibers embedded in an extracellular, non-fibrous matrix, including smooth muscle cells 
[16]. It is the most significant layer of the artery from the mechanical viewpoint, 
especially in elastic arteries [14]. External elastic lamina separates the adventitia from 
the media. The adventitia is the outermost layer of the artery consisting of fibroblasts 
and collagen fibers forming a fibrous tissue. 
 
Figure 1.2. Schematic diagram of the major components in a healthy elastic artery 
(Reprinted by permission from Springer Nature Customer Service Centre GmbH: 
Springer Nature, J. Elast, A New Constitutive Framework for Arterial Wall 
Mechanics and a Comparative Study of Material Models, Holzapfel, G.A. et al., 
(2000) [14]). 
 
Elastin and collagen are the most abundant fibrous proteins in the arterial wall, 
responsible for its mechanical characteristics and strength [17]. It has been shown that 
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elastin fibers provide resistance at low-stress levels, while collagen fibers dominate at 
high stress-levels [18]. Elastin degradation has been suggested to be an important factor 
in the development of aneurysmal dilatation of the arterial wall, while changes in 
collagen structure could cause aneurysm rupture [17, 19]. Collagen fiber orientation 
and dispersion have been found to have significant influence on the mechanical 
properties of the arterial wall [20, 21]. Schriefl et al. [16] found that consistently two 
collagen fiber families were present in the intima, media and adventitia of human aorta, 
with often a third, and sometimes a fourth fiber family being present in the intima. The 
fibers families were symmetrically arranged with respect to the cylindrical axis. The 
same trend was observed in the intima and adventitia of common iliac artery; however 
only one preferred alignment was found in the media, which is similar to the 
observation of Finlay et al. [22] in the media of human brain arteries. Table 1.1 shows 
the primary features of arterial layers in structure and components, and their changes 
with age and disease. 
 
Table 1.1. Primary features of arterial layers in structure and components. 
Type of artery Intima Media Adventitia 
Healthy elastic Thin [14]; internal 
elastic lamina (IEL) 
separates intima and 
media [23] 
Multiple elastic laminae 
[14] 
External elastic 
lamina present [14] 
Healthy 
muscular 
Paucity of elastic fibers 
[24]; mainly made up of 
smooth muscle cells [23] 







degradation of elastin, 
increase in collagen [25] 
Stiffening [26] 
Atherosclerosis 
Increase in collagen 
[27] 
Movement of medial 






Intimal tear in an 
already weakened 
wall [30] 
Smooth muscle cell loss, 





degeneration of IEL 
[34, 35] 
Disruption of medial 
smooth muscle cells [35] 
Dissecting hematoma 
between media and 
adventitia [35]  
 
 5 
1.1.2 Hyperelastic models for arterial wall 
Arterial walls exhibit various complex mechanical characteristics such as 
heterogeneity, incompressibility, nonlinearity, anisotropy and residual stresses [36]. 
Hence hyperelastic constitutive models are critical for describing the mechanical 
behavior of arteries, and in turn provide deeper insights on the physiology and 
pathology of arterial tissues. The most common hyperelastic constitutive models, also 
called strain-energy density functions (SEDF), are of exponential type, whereas 
polynomial and logarithmic forms have also been used. Table 1.2 lists some of the 
important incompressible hyperelastic models developed for arterial tissues and their 
classification according to the anisotropic behavior, dimensions of deformation which 
can be described, notations and the presence of shear strain components in the models. 
 
 





Holzapfel [38], Vaishnav [39], 
Zulliger [40] 
Isotropic: 
Ogden [41], Mooney-Rivlin [42, 43], Vito 
[44], Yeoh [45]  
Dimensions 
3D: 
Chuong and Fung [46],  
Fung [37], Gasser-Ogden-
Holzapfel [38], Zulliger [40] 
2D: 
Fung-Fronek-Patitucci [47], Takamizawa 




Chuong and Fung [46], Fung 
[37], Tong and Fung [49] 
Direct (using structural tensors): 
Tanaka and Yamada [50, 51] 
Holzapfel et al. [14] 
Shear strains 
With shear strain components: 
Fung [37], Tong and Fung 
[49] 
Without shear strain components: 
Chuong and Fung [46],  
Kas'yanov and Rachev [52] 
 
Vaishnav et al. [39] introduced a seven-parameter polynomial SEDF, Chuong 
and Fung [46] introduced a seven-parameter exponential SEDF, Takamizawa and 
Hayashi [48] introduced a four-parameter logarithmic SEDF. Kas'yanov and Rachev 
[52] introduced a combined exponential-polynomial SEDF. Holzapfel et al. [14] 
 
 6 
combined a neo-Hookean SEDF for isotropic behavior with an exponential SEDF for 
anisotropic behavior. Zulliger et al. [40] expanded upon the idea of [14] by including 
the fraction of elastin and collagen. Gasser et al. [38] modified the SEDF proposed in 
[14] by incorporating a parameter to characterize the collagen fiber orientations in 
arterial tissues. 
1.1.3 Characterization of the mechanical behaviors of arterial tissues 
The mechanical properties of arterial wall are important because they influence 
the arterial physiology and the development of arterial diseases, by effecting changes 
in the blood flow and arterial mass transport. Mechanical stresses and strains are 
important factors in the pathophysiology and mechanics of the cardiovascular system 
[53]. And a knowledge of the mechanical properties of the arterial wall is necessary to 
evaluate stresses and strains in an arterial wall. Characterization of the mechanical 
behavior of arterial tissues requires both experimental testing and mathematical 
modeling of the observed behavior.  
Among experimental testing, uniaxial testing is one of the simplest methods for 
the determination of mechanical properties of arterial tissues, where uniaxial force is 
applied on a flat strip specimens, and the force and specimen deformation are measured. 
Under physiological conditions, vascular walls develop multiaxial stresses. To simulate 
similar conditions biaxial tests are conducted by simultaneously applying loads along 
the circumferential and longitudinal directions [53]. However, in this case also the 
effect of the radial stress of the wall is ignored. For a more realistic testing in line with 
physiological conditions, in vitro pressure-diameter tests are performed, wherein 
excised intact vessels are subjected to axial stretches in addition to luminal pressures 
[53, 54]. Moreover, devices have been developed to combine axial stretch, inflation and 
torsion during testing [55, 56]. Because of the layered structure of the arterial wall, 
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layer-specific properties have been investigated by biaxial and pressure-diameter tests 
[57-59]. For in vivo noninvasive measurements of the arterial walls, ultrasonic and 
magnetic resonance imaging (MRI) techniques have been developed, using which 
mechanical properties such as compliance and incremental elastic modulus [53, 60]. 
Experimentally observed mechanical behavior of arterial tissues needs to be 
modelled using mathematical models for their quantitative characterization. As 
described in the previous section, various hyperelastic models have been developed to 
describe the mechanical behavior of arterial tissues. But, ultimately, usefulness of a 
model depends upon its practical application in understanding and predicting the 
initiation, progress and clinical treatment of arterial diseases such as, atherosclerosis, 
arterial dissection and aneurysms [36]. For atherosclerosis, layer-specific properties 
have been measured [57] and it has been suggested that finite element analysis on 
atherosclerosis employs vasculature specific atherosclerotic plaque material models 
[61]. For arterial dissection, experimental studies have been conducted to measure the 
dissection properties of arterial tissues [62] and propagation of arterial dissection has 
been studied using cohesive theories of fracture [63]. In case of aneurysms recent 
computational studies have combined hemodynamic studies with structural analysis to 
simulate the physiological changes in aneurysms [64].  
Table 1.3 summarizes studies on characterization of arterial tissues using 
hyperelastic models and mechanical loading tests with a consideration on initial elastic 
moduli. Measurements of initial elastic moduli has been carried out by uniaxial and 
biaxial tests. Their correlation with material constants in various isotropic hyperelastic 
models is well-known [65, 66]. Among orthotropic hyperelastic models, material 
constants of Fung-type model are proportional to elastic moduli [67]. The expressions 
of initial elastic moduli for an orthotropic model proposed by Holzapfel et al. [58] has 
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been derived [68]. However, an explicit incorporation of elastic moduli in hyperelastic 
models from the viewpoint of practical curve-fitting for the mechanical characterization 
of arterial tissues remains to be investigated [67, 68].  
 
Table 1.3. Characterization of arterial tissues using hyperelastic models and 
mechanical loading tests. 
Experimental methods Hyperelastic models for identification 











Yeoh, Gent [65, 66] 
Derivation of elastic moduli 
for an orthotropic model 
proposed by Holzapfel et al. 
[58, 68] 
The exponent in the Fung-
type model is in the form of 
the strain energy of a linear 
elastic material [15] 
*Note: This equivalence holds for a compressible material. 
1.2 Outline 
Atherosclerosis and dissection of arteries are life-threatening diseases which 
cause rupture of the arterial wall. Mechanical characterization of the diseased arteries 
can be helpful in analyzing the risk of rupture of arterial wall. To describe the stress-
strain relationships of the arterial tissues with diseases, this dissertation proposed a 
method of identification of material constants in typical hyperelastic models available 
in commercial finite element packages, i.e., characterizing the low-stress regions of 
stress-strain relationships with the initial tangent modulus, i.e., the elastic modulus, and 
the high-stress regions with the remaining material constants for nonlinear behavior. 
The proposed method was validated by applying to mechanical loading tests for arterial 
tissues of atherosclerosis and aortic dissection. The model which characterizes the 
stress-strain relationship was also applied in the finite element method to analyze the 
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bulging behavior of aneurysmal artery with dissection. Figure 1.3 presents a schematic 
outline of the chapters in this thesis. 
 
Figure 1.3. Schematic outline of the chapters in the thesis. 
 
Chapter 1 is a general introduction and overview to the contents in the 
dissertation. As a background for the thesis, the need for an accurate description of the 
mechanical behavior of arteries was explained. The motivation of this thesis was shown, 
i.e., a mechanical characterization of arterial tissues including the initial elastic moduli. 
A brief introduction was provided on the fundamental aspects of arterial structure, 
hyperelastic models and characterization techniques for identifying the mechanical 
behavior of arterial tissues. Various kinds of hyperelastic formulations have been 
developed to model the mechanical behavior of arterial tissues. However, an 
incorporation of initial elastic moduli in the formulation of hyperelastic models remains 
to be investigated. 
Chapter 2 presents the incorporation of initial elastic modulus in typical forms 
of isotropic hyperelastic models with three material constants, for mechanical 
characterization of uniaxial deformation behavior of atheromatous intima in human 
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carotid artery and thoracic aorta. Three-parameter polynomial form of Yeoh model, 
power law form of Ogden model, and isotropic forms of exponential form of Fung-type 
model and a first order term plus exponential form of Gasser-Ogden-Holzapfel model 
were chosen to describe the uniaxial behavior. The uniaxial stress-strain relationships 
of these models were expanded to Maclaurin series to identify the initial elastic modulus, 
i.e., Young's modulus, and to categorize the material constants in the nonlinear function 
into a multiplier and a degree of nonlinearity. The initial tangent modulus, which was 
determined from the initial slope of the experimental stress-strain curve, was replaced 
with one of the material constants, and the remaining two constants were determined 
by curve-fitting. This method guarantees the value of the initial tangent modulus, and a 
description of the nonlinear regions of the stress-strain curves with a reasonable 
accuracy. 
Chapter 3 applied the proposed method to an orthotropic form of Fung-type 
model, which is one of the most extensively used models in vascular mechanics, to 
characterize the uniaxial and equibiaxial behavior of human ascending thoracic aorta 
with dissection. The direct notation of Fung-type model using trace of Green's strain 
tensor and structural tensors was known for a transversely isotropic material. Here, the 
orthotropic Fung-type model was formulated in direct notation in terms of trace of 
Green's strain tensors and structural tensors and the relations of its material constants 
with the indicial notation of the model were obtained. The expressions of initial tangent 
moduli of the Fung-type model were derived in terms of its material constants under 
biaxial loading condition with a fixed ratio of orthogonal strain and uniaxial loading 
condition. The Fung-type model described both uniaxial and equibiaxial stress-strain 
curves, after replacing the material constants with initial tangent moduli. The initial 
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elastic modulus of stress-strain curves of aortic dissection specimens suggested to be a 
useful measure of elastin degradation in ascending aorta dissections. 
Chapter 4 deals with a finite element modeling of the bulging behavior in an 
intracranial vertebral artery with dissection. Intracranial arteries predominantly consist 
of smooth muscle cells in the media, with the internal elastic lamina playing a 
prominent role in providing the structural strength to the vessel wall. Here, a three-
layered artery with dissection was modelled, considering the internal elastic lamina 
(IEL), media and adventitia. The media of cerebral arteries which is mainly made up of 
smooth muscle cells, was considered to have a very low stiffness. The effect of 
disruption of media, change of stiffness of IEL and adventitia were evaluated. The 
effect of material constants of initial tangent modulus, multiplier and degree of 
nonlinearity of isotropic form of Gasser-Ogden-Holzapfel model on the bulging 
behavior of adventitia was evaluated. 
Chapter 5 summarizes the main conclusions drawn from the studies presented 
here. A hyperelastic modeling methodology was presented in this dissertation with an 
incorporation of initial tangent moduli of stress-strain relationships. Among isotropic 
forms, the three-parameter Fung-type and Gasser-Ogden-Holzapfel models described 
well the uniaxial deformation of atheromatous intima for the stress of < 200 kPa. The 
orthotropic Fung-type model characterized the uniaxial and equibiaxial mechanical 
behavior of ascending aorta with dissection. Finite element analysis of a dissected 
intracranial vertebral artery suggests that the constant of degree of nonlinearity in the 
isotropic form of Gasser-Ogden-Holzapfel model reflects a greater softening at high-





MECHANICAL IDENTIFICATION FOR ATHEROMATOUS INTIMA IN 
THE HUMAN CAROTID ARTERY AND THORACIC AORTA USING 
THREE-PARAMETER ISOTROPIC HYPERELASTIC MODELS 
Abstract 
Uniaxial stretching tests are used for mechanical identification of small fibrous 
regions of atheromatous arteries. Material constants in isotropic hyperelastic models 
are determined to minimize the fitting error for the stress–strain curve. A novel method 
was developed to better characterize the material constants in typical forms of Yeoh, 
Ogden, Chuong-Fung (CF) and Gasser-Ogden-Holzapfel (GOH) isotropic hyperelastic 
models for fibrous caps and normal intimal layers from human carotid artery and 
thoracic aorta by incorporating Young's modulus, i.e., the initial tangent modulus of 
uniaxial stress–strain relationships, as one of three material constants. A unified, 
isotropic form was derived for the anisotropic exponential-type strain energy density 
functions of CF and GOH models. The uniaxial stress–strain relationship equations 
were expanded to Maclaurin series to identify Young's modulus as a coefficient of the 
linear term of the strain and to examine the roles of the material constants in the 
nonlinear function. The remaining two material constants were determined by curve-
fitting. The incorporation of Young's modulus into the CF and GOH models gave 
reasonable curve-fitting, with errors < 10%, whereas large errors (> 10%) were 
observed in one case for the Yeoh model and in two cases for the Ogden model. 
S. K. Bhat, N. Sakata, H. Yamada, Identification of uniaxial deformation behavior and its initial tangent 
modulus for atheromatous intima in the human carotid artery and thoracic aorta using three-parameter 
isotropic hyperelastic models, Journal of Mechanics in Medicine and Biology, 2020. 20(3): 2050014, 




Atherosclerosis is a common chronic cardiovascular disease that is 
characterized by the formation of plaques in the arterial intima. The plaque consists of 
a fibrous cap encapsulating a central core of lipids and extracellular debris [72]. Rupture 
of vulnerable fibrous caps is a major cause of clinical emergencies, such as cerebral and 
myocardial infarctions, as well as strokes [73]. Analysis of plaque vulnerability requires 
appropriate procedures for experimental testing and theoretical identification of the 
mechanical behavior of atheromatous intimal tissue, i.e., fibrous caps [74-76]. 
The size of available test specimens constrains the type of experimental testing 
we can carry out. Fibrous caps have an average length of around 4 mm [77]. Uniaxial 
testing is therefore an appropriate procedure to determine the mechanical characteristics 
of specimens with such small width and gauge length. Deformation behavior can then 
be assessed under the assumption of uniform deformation. Atheromatous intima has 
been tested using strip-like specimens with an average width of 1–2 mm for both the 
carotid artery [78, 79] and aorta [80]; a gauge length of 4 mm has been used for the 
carotid artery [78, 81] and a length of 7 mm for the aorta [80, 82]. 
The theoretical identification of atheromatous intima with hyperelastic models, 
and thus appropriate characterization of their mechanical behavior, involves three 
important prerequisites. The first is the choice of hyperelastic model [83], the second is 
achieving a sufficiently reduced number of material constants, which are also called 
parameters, to reproduce experimental curves with permissible error [84] and the third 
is the use of mechanically meaningful material constants [14]. 
With regard to the first issue, to describe the uniaxial stress–strain relationships 
of human atheromatous arterial intima, typical forms of strain energy density (SED) 
functions, as an incompressible isotropic hyperelastic model, have been used [36], such 
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as the five-parameter second-order polynomial model [78], three-parameter Yeoh 
model [85, 86], four-parameter Ogden model [87] and three-parameter model with an 
exponential form and neo-Hookean form [79]. Their fitting capabilities have been 
evaluated frequently in terms of the root mean square error [78, 88], and relative error 
[66, 89]. The polyconvexity of the above-described polynomial-type models [90], 
Ogden model [91], Chuong-Fung (CF) model [67] and Holzapfel-Gasser-Ogden model 
[92] has also been investigated to ensure that the deformation behavior is physically 
reasonable [93]. 
With regard to the second issue, the minimum prerequisite for practical fitting 
among these SEDs is three parameters. For other biological soft tissues, two-parameter 
models have been employed, e.g., the Ogden model for bovine liver [94, 95], porcine 
brain [96, 97] and human abdominal adipose tissue [98], and the Mooney-Rivlin model 
for porcine liver tissues [99, 100]. 
With regard to the third issue, the elastic modulus [101], i.e., Young's modulus 
or the shear modulus can be used as one of the material constants in isotropic 
hyperelastic models. In the cases of the Mooney-Rivlin [101], Yeoh [83] and Ogden 
[101] models, a relationship correlates some of their material constants with the shear 
modulus. Mihai and Goriely [65] derived a strain-dependent shear modulus at finite 
strain states in the cases of the neo-Hookean, Mooney-Rivlin, Arruda-Boyce, Gent and 
Ogden models, as well as an isotropic Fung-type model, which includes an exponential 
function with a linear term of the first invariant of the right Cauchy-Green deformation 
tensor in the exponent. The Young's modulus is equivalent to the initial tangent 
modulus of the stress-strain curves in the uniaxial loading tests and has been evaluated 
for soft tissues [102] and atheromatous intima [103, 104]. 
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In the present study, a novel method was developed for better characterization 
of material constants in typical isotropic hyperelastic models by incorporating Young's 
modulus, i.e., the initial tangent modulus of uniaxial stress–strain relationships as one 
of the three material constants, for fibrous caps and normal intimal layers from human 
carotid artery and thoracic aorta. Uniaxial tensile tests were conducted on strip-like 
specimens, judging the stage of atherogenesis [105] and measuring the amounts of 
collagen and elastin. One material constant was replaced by the Young's modulus 
obtained from the coefficient of the first-order term of the Maclaurin series expansion 
for the stress-strain relationship and the remaining two were determined to minimize 
the relative curve fitting error to the stress–strain curve. Also the roles of material 
constants were examined in the nonlinear stress-strain relationships of the four models. 
2.2 Methods 
2.2.1 Uniaxial testing of intimal specimens of human carotid artery and thoracic 
aorta 
Table 2.1 lists the attributes of the arterial tissue samples subjected to uniaxial 
stretching and histological examination. The samples were obtained from human 
carotid artery and thoracic aorta during autopsy between May 2013 and January 2014, 
and were stored in a freezer at −40°C. They were naturally thawed to bring them to 
room temperature. The external and common carotid arteries were cut longitudinally 
on the far side from the internal carotid artery, and the internal and external arteries 
were cut longitudinally on the adjoining side. The fibrous cap and normal intimal 
regions were selected from the samples, by visual inspection of the luminal surface, for 
use in stretching and histological tests [105]. CF3 and CN1 were obtained from same 
patient. However, the location was different, i.e., from an atheromatous region and a 
normal region of the artery, respectively.  
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A rectangular region of 14 mm × 4 mm was dissected from the sample to prepare 
longitudinal strip-like specimens, and the adventitia was removed. Next, the intimal 
region was separated from the media along the internal elastic lamina, as gently as 
possible to avoid plastic deformation of the tissue. The length of the specimen was 14 
mm in the longitudinal direction, with a width of 1.5 mm in the circumferential 
direction; the thickness was approximately 1 mm. Particles were sprayed onto the 
luminal surface of the specimen using a black water-based lacquer spray (Sunday Paint, 
Osaka, Japan). 
 
Table 2.1. Attributes of specimens obtained from human carotid artery and 
thoracic aorta. 
ID Portion Age Sex Storage day Type 
CF1 CC 63 male 41 FC 
CF2 IC 72 male 12 FC 
CF3 IC 72 male 27 FC 
CN1 CC 72 male 27 N 
CN2 CC 62 male 17 N 
CN3 CC 67 male 1 N 
CN4 CC 57 male 7 N 
CN5 CC 84 female 15 N 
      
ID Portion Age Sex Storage day Type 
TF1 TA 86 male 1 FC 
TF2 TA 66 female 0 FC 
TF3 TA 62 male 11 FC 
TF4 TA 67 male 1 FC 
TN1 TA 64 female 23 N 
TN2 TA 62 male 11 N 
TN3 TA 57 male 18 N 
 CC: common carotid artery; IC: internal carotid artery; TA: thoracic aorta; FC: 




Figure 2.1. A specimen with markers sprayed between grippers 4mm in width. 
 
The uniaxial stretching test setup consisted of a load cell (LVS-500GA; Kyowa, 
Tokyo, Japan) with a capacity of 5 N, a laser displacement sensor (ZX-SD41 0.5M; 
Omron, Kyoto, Japan) and a stepping motor-driven stage (SGSP20-20(Z); Sigma Koki, 
Tokyo, Japan). Physiological saline was poured into a water bath and the temperature 
was kept at 37°C to maintain the condition of the specimens. A digital camera (EOS 
7D; Canon, Tokyo, Japan) was used equipped with a macro lens (EF 100 mm F2.8L IS 
USM; Canon) to obtain front-view photographs (resolution: 5184 × 3456 pixels) at a 
speed of 3 fps and a digital camera (EOS 60D; Canon) equipped with a macro lens 
(EF50 mm F2.5; Canon) to obtain side-view videos (resolution: 1920 × 1088 pixels) at 
a speed of 30 fps. 
The specimen was mounted vertically on the stretching test device with a grip-
to-grip length of 4 mm (see Fig. 2.1). A connecting rod with a hook on the top was 
connected to the load cell and a top gripper was connected to its bottom end. Both end 
margins of the specimen were grasped with the top and bottom grippers. The bottom 
gripper was fixed to a block at the bottom of the saline bath. The length of the specimen 
was adjusted such that the load cell reading was at the same level before and after 
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mounting to obtain the unloaded state. The grip-to-grip distance was recorded by 
tracing the vertical position of the load cell with the laser displacement sensor. 
Preconditioning, i.e., six cycles of loading–unloading with a strain rate of 0.01/s 
and strain range of 0.1, was applied to the specimens for stress softening [81]. After 
adjusting the unloaded state, each specimen was stretched monotonically under the 
same strain rate. The outputs of the laser displacement sensor and load cell were 
collected at a sampling rate of 50 ms. 
Because specimens in the lateral view tended to be curved in the unloaded state, 
the zero-strain state was defined such that it had the same grip-to-grip distance as the 
unmounted specimen. After the measurement, motion analysis software 
(DippMotionPro 2D; Ditect, Tokyo, Japan) was used to obtain the series of front-view 
photographs used to measure the displacement of two points on the specimen, which 
corresponded to 60% of the grip-to-grip distance. Although stretching of the specimen 
is a discrete function of time, it can be approximated as a continuous polynomial of 
time. The ratio between stretching of the specimen and grip-to-grip stretching was 
obtained as a function of the grip-to-grip strain. The stress–strain relationships of the 
specimen were plotted by converting the time histories of loading and displacement to 
nominal stress using the initial cross-sectional area, and to nominal strain using the 
above-mentioned correlation between the grip-to-grip stretch and the specimen's strain. 
Histological observations were also performed for collagen, type I collagen and 
elastin by optical microscopy. Collagen and elastin were stained with Picro-Sirius Red 
and modified Movat, respectively. Red staining was examined in polarized light images 
to identify type I collagen. Welch's t-test was performed using the MATLAB 
(MathWorks, Natick, MA, USA) function, ttest2, to compare the differences in collagen 
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content (area fraction) between fibrous cap specimens and normal intimal specimens. 
In all analyses, p < 0.05 was taken to indicate statistical significance. 
2.2.2 Identification of material constants and examination of reproducibility using 
three-parameter isotropic hyperelastic models of uniaxial stress–strain 
relationships 
A stress range of 0–200 kPa was chosen for theoretical investigation of the 
uniaxial stress–strain relationship in the experiment, for similarity to physiological 
loading conditions. First, four forms of three-parameter incompressible isotropic SED 
functions were formulated as described in Section 2.2.2.1. The stress–strain 
relationships were derived for uniaxial loading conditions, as described in Section 
2.2.2.2 and expanded to Maclaurin series in terms of nominal strain as described in 
Section 2.2.2.3. A series of procedures were established for experimental identification 
of the initial tangent modulus (Young's modulus) from the uniaxial stress–strain curves 
and determination of the remaining two material constants with a minimum error to fit 
to the uniaxial stress–strain curves, as described in Section 2.2.2.4. Finally, the roles of 
the material constants (categorized as a multiplier or nonlinearity [106]) were 
investigated, as described in Section 2.2.2.5. 
2.2.2.1 Three-parameter incompressible isotropic hyperelastic models 
Four typical forms were chosen as three-parameter isotropic hyperelastic 
models: a polynomial of the first invariant of the right Cauchy-Green deformation 
tensor (Yeoh model [45]), a power law of the principal stretches (Ogden model [41]) 
and two exponential isotropic forms of Gasser-Ogden-Holzapfel [38] and CF [46] 
models, which were originally anisotropic. The material constants were determined to 
guarantee the polyconvexity conditions of the four models. 
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Denoting the deformation gradient tensor between the reference (undeformed) 
and current (deformed) configurations as 𝑭 [101], the right and left Cauchy-Green 
deformation tensors C and B, and Green's strain tensor E were defined as: 
 
 𝑪 = 𝑭
𝑇𝑭 (2. 1) 




(𝑪 − 𝑰) 
(2. 3) 
where 𝑰 is the unit tensor [101]. 
Denoting the principal stretches as 𝜆𝑖 (𝑖 = 1, 2, 3), the principal invariants of 
the right Cauchy-Green deformation tensor were defined as: 
 




(tr2 𝑪 − tr 𝑪2) = 𝜆1
 2𝜆2
 2 + 𝜆2
 2𝜆3




 𝐼3(𝑪) = det 𝑪 = 𝐽2 = 𝜆1 2𝜆2 2𝜆3 2 (2.6) 
 
where J is the volume ratio between the reference and current configurations. For 
incompressible materials, the constraint of incompressibility holds as: 
 
 𝐼3(𝑪) = 𝐽2 = 1. (2.7) 
 
An incompressible isotropic SED function (𝑊) is expressed in terms of either 
the right Cauchy-Green deformation tensor, its first and second invariants, the principal 
stretches, or the Green's strain tensor, and is accompanied by a constraint of 
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incompressibility. Denoting the indeterminate pressure H, which is determined by 
























𝜆𝑖 +𝐻;  𝑖 = 1,2,3. (2.9) 
 
(1) Yeoh model [45] 
The general form of the SED function is given as: 
 






(𝐽2 − 1) (2.10) 
 
where 𝐶𝑖  are material constants. Assuming three terms (𝑛 = 3), the SED function 
becomes: 
 
 𝑊 = 𝐶1(𝐼1(𝑪) − 3) + 𝐶2(𝐼1(𝑪) − 3)2 + 𝐶3(𝐼1(𝑪) − 3)3 +
𝐻
2




where 𝐶1, 𝐶2 and 𝐶3 are material constants and shear modulus 𝜇 = 2𝐶1. All material 
constants should be positive to guarantee the polyconvexity of Eq. (2.11) [90]. 
 
(2) Ogden model [41] 






 𝛼𝑖 + 𝜆2
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where 𝜇𝑖  and 𝛼𝑖  are material constants ( 𝜇 = ∑ 𝜇𝑖𝑛𝑖=1 : shear modulus [106]; 𝛼𝑖 : 
nonlinearity [106]). To obtain a three-parameter model, n = 2, and there is an option to 
fix either 𝛼1 or 𝜇1. Here, 𝛼1 = 2 was assumed to make the first term a neo-Hookean 
form. Instead of using 𝜇𝑖, for an n-term Ogden model, the parameter 𝜑𝑖 can be used 
such that: 
 

















 𝛼2 + 𝜆2
 𝛼2 + 𝜆2
 𝛼2 − 3) +
𝐻
2
(𝐽2 − 1) (2.14) 
 




(3) Exponential-type models with a quadratic exponent of strain components 
For isotropic forms of the CF and GOH models, unified expressions of SED 
functions and uniaxial stress–strain relationships were formulated as described in the 
following section. Because the GOH model contains a neo-Hookean term, it was 
included in the unified form. 
A. Isotropic form of the Chuong-Fung model [46] 








(𝐽2 − 1)  (2.15) 
 
with a quadratic form of strain components: 
 
 𝑄 = 𝑏1𝐸1 2 + 𝑏2𝐸2 2 + 𝑏3𝐸3 2 + 2𝑏4𝐸1𝐸2 + 2𝑏5𝐸2𝐸3 + 2𝑏6𝐸3𝐸1 (2.16) 
 
where 𝑐, 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6  are material constants, and 𝐸𝑖  ( 𝑖 = 1,2,3 ) are Green's 
strain components in principal directions [46]. With the isotropic conditions 𝑏1 = 𝑏2 =
𝑏3 and 𝑏4 = 𝑏5 = 𝑏6, and with direct notation of strain tensor E, the exponent 𝑄 can be 
written as follows [107]: 
 






 ν = 𝑏4 (2.18) 
 
 𝜌 = 𝑏1 − 𝑏4. (2.19) 
 
To guarantee the polyconvexity of Eq. (2.15), the quadratic form of Eq. (2.17) 
should be positive definite [67]. Hence, the following relations should hold: 
 
 ν + 𝜌 > 0, 𝜌 > 0 (2.20) 
 
B. Isotropic form of the Gasser-Ogden-Holzapfel model [38] 
The anisotropic SED function consists of the neo-Hookean model (first term) 
and an exponential function (second term), as follows: 
 
 𝑊 = 𝐶1














𝑤ℎ𝑒𝑟𝑒, 𝐸?̅? = 𝜅(𝐼1 − 3) + (1 − 3𝜅)(𝐼4𝑖 − 1)
} (2.21) 
 
where 𝐶1, 𝑘1, 𝑘2, 𝜅 are material constants, D is an indeterminate pressure and 〈∙〉 are 
Macaulay brackets. To describe the direction-specific mechanical properties of 
collagen fibers, the fourth invariants are defined as: 
 
 𝐼4𝑖 = (𝒂0𝑖⊗𝒂0𝑖) ∶ 𝑪 (2.22) 
 
where 𝑎0𝑖 are directional unit vectors representing the orientation of the ith family of 
collagen fibers (𝑖 = 1,2,3, … ,𝑁) and (:) is a symbol of contraction [38]. 𝐼4i is equal to 
the square of stretch along the direction  𝒂0𝑖 . The third term accounts for 
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incompressibility. In the case of 𝜅 = 1/3, the model is isotropic and Eq. (2.21) can be 
reduced to: 
 
 𝑊 = 𝐶1(𝐼1(𝑪) − 3) +
𝑘1
2𝑘2






− ln𝐽). (2.23) 
 









tr2 𝑬. (2.24) 
 
To guarantee the polyconvexity of Eq. (2.23) [92], all material should be 
positive. By replacing the material constants 𝜌 and 𝑐 with 𝑟 and 𝑐∗, respectively: 
 
 𝜌 = 𝑟ν (2.25) 
and:  
 𝑐∗ = 𝑐ν. (2.26) 
 
The unified form of the two SED functions, which is called here as the unified 
isotropic CF-GOH model, was formulated as follows: 
 






(𝐽2 − 1) (2.27) 
 𝑄 = ν(tr2 𝑬 + 𝑟 tr 𝑬2) (2.28) 
 












2.2.2.2 Uniaxial stress–strain relationships for the three-parameter 
incompressible isotropic hyperelastic models 
For uniaxial stretching along axis-1, the boundary conditions hold in the 
orthogonal axis-2 and axis-3 as: 
 
 𝜎2 = 𝜎3 = 0. (2.30) 
 
The invariants in Eqs. (4) and (5) become: 
 
 𝐼1(𝑪) = 𝜆1 2 + 2𝜆1 −1 (2.31) 
 𝐼2(𝑪) = 2𝜆1 + 𝜆1 −2. (2.32) 
 
Then, the uniaxial stress–strain relationships of the SED functions can be 





















Unified isotropic CF-GOH model: 
 




 −1 − 2 + (1 + 𝑟)(𝜆1
 2 + 𝜆1








 2 + 2𝜆1
 −1 − 3)2 + 𝑟((𝜆1
 2 − 1)2 + 2(𝜆1
 −1 − 1)2)]. (2.36) 
2.2.2.3 Maclaurin series expansion of uniaxial stress–strain relationships 
The uniaxial stress–strain relationships shown in Eqs. (2.33)–(2.35) can be 
expanded to Maclaurin series as a function of nominal strain 𝜀 using the formula: 
 








where 𝜎(𝑛)(0) is the nth derivative of 𝜎(𝜀) at 𝜀 = 0. As the second and higher-order 
terms can be neglected with infinitesimal strain, Eq. (2.37) can be linearized to the form: 
 
 𝜎 = 𝑎0𝜀 (2.38) 
 
where 𝑎0 is equal to the Young's modulus (E) of the linear elastic material, i.e., the 
gradient of the uniaxial stress–strain curve. The coefficients 𝑎𝑖 (𝑖 ≥ 2) in Eq. (2.37) 
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reveal the contributions of the material constants to the nonlinearity of the stress–strain 
relationship. 
Maclaurin series expansion of the uniaxial stress–strain relationship was 
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Unified isotropic CF-GOH model: 
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Table 2.2. Roles of three material constants in the uniaxial stress–strain 
relationships. 
Model 
Linear term*2 Nonlinear terms*2 
Conditions Young's modulus 
(initial tangent modulus) 
Multipliers Nonlinearity 
Yeoh 6𝐶1 𝐶1, 𝐶2, 𝐶3 -  




 𝑐∗ 𝜈, 𝑟 𝐶1 = 0 in Eq. (2.27) 
GOH*1 6𝐶1 𝐶1, 𝑐∗ 𝜈 𝑟 = 0 in Eq. (2.28) 





 𝐶1, 𝑐∗ 𝜈, 𝑟 
𝐶1 = 0 or 𝑟 = 0 in Eq. (2.27) 
and Eq. (2.28) 
*1 CF and GOH models are specific cases of the unified isotropic CF-GOH model. 
*2 Terms in Maclaurin series expansion of the uniaxial stress-strain relationship. 
 
 
   Table 2.2 lists the roles of material constants as Young's modulus or 
coefficients in nonlinear terms [106] in the uniaxial stress–strain relationship for each 
hyperelastic model. Coefficients for Young's modulus in the linear term, which are 
defined for infinitesimal strain, also appear in nonlinear terms. 
Note that the following relation holds for an incompressible material: 
 
 𝐸 = 3𝜇. (2.42) 
2.2.2.4 Determination of the initial tangent modulus (Young's modulus) and the 
remaining two material constants in three-parameter hyperelastic models 
Challenges with regard to evaluation of the initial tangent modulus from 
experimental data include the offset of reference of stress at the beginning of the stress–
strain curve and the fluctuation or noise signals of data points under low stress (see Fig. 
2.2) [68]. The specimens exhibited slight curvature in the stress-free state (see Fig. 
2.4(b)), and therefore an offset of stress tended to be observed at the strain reference. 
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The strain reference was determined to make the length of the mounted specimen equal 
to the straightened length of the unmounted specimen. 
The initial tangent modulus were estimated by fitting a second-order polynomial 
function to data points below a stress-level of 2–7 kPa, such that the nonlinearity of the 
fitting curve was sufficiently low and the initial tangent modulus was less than the 
tangent values in the higher strained region (the ranges of data points were CF1, CF3, 
CN4: <2 kPa; CN2, TF3: <3 kPa; TN2: <7 kPa; TF1, TF2: 2–7 kPa to avoid 
overestimation; other six specimens: <5 kPa). Different stress-levels were chosen for 
the curves due to the variation in the stiffness characteristics of the stress-strain curves. 
Since the range of stress-level was selected so that the nonlinearity of the fitting curve 
was sufficiently low, a second-order polynomial was chosen for curve-fitting. The 
initial tangent modulus was determined as the coefficient of the first-order term (𝑎1) of 
the second-order polynomial function (Fig. 2.2). 
Instead of using a conventional procedure to determine all material constants by 
curve-fitting, a two-step approach was used to determine the material constants. As 
shown in Table 2.2, a single material constant (𝐶1 in GOH and Yeoh models, 𝜇 in the 
Ogden model and 𝑐∗  in the CF model) was determined first, to match to the initial 
tangent modulus obtained from experimental data. The remaining two material 
constants were determined by the curve-fitting function in Igor Pro 6.0 (WaveMetrics, 
Lake Oswego, OR, USA) as a nonlinear regression with the Levenberg-Marquardt 
algorithm. 
The accuracy of curve-fitting was estimated from the relative error (𝛾) [89]: 
 
 𝛾 =






× 100% (2.43) 
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where 𝜎𝑒 and 𝜎𝑡 are the Cauchy stress in experiment and theory, respectively, and 𝑁 
represents the number of data points. The four models were compared in terms of the 
mean, standard deviation and maximum of the curve-fitting errors. The above method 
for determination of material constants based on the initial tangent modulus was also 
compared to the conventional method based on the error values. 
 
 
Figure 2.2. Determination of initial tangent modulus from the experimental stress–
strain curve (specimen CF3). 
 
2.2.2.5 Sensitivity of nonlinearity material constants fitted to experimental stress–
strain curves 
The sensitivity of the material constants was examined in the four models. Each 
material constant works as a multiplier or a coefficient of nonlinearity in the stress–
strain relationship. A multiplier determines the degree of magnification of the 
associated term, e.g. 𝜇 in the term 𝜇(𝜆1 2 − 𝜆1 −1) in the Ogden model. A coefficient of 
nonlinearity determines the degree of nonlinearity of the associated term, e.g. 𝛼 in the 
term 𝜇𝜆1 𝛼 in the Ogden model. The sensitivity of nonlinearity material constants fitted 
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to a stress–strain curve was evaluated by varying each material constant from half to 
double the determined value (except φ from 0 to 1) while keeping the other two fixed. 
2.3. Results 
2.3.1 Uniaxial tests and histological observations 
Figures 2.3(a) and 2.3(b) present the stress–strain curves obtained from uniaxial 
stretching tests for fibrous caps and normal intimal tissues from the carotid artery and 
thoracic aorta, respectively. The stress–strain curves clearly indicated greater stiffness 
of fibrous caps compared to the normal intima. A large degree of variation was observed 
in the range of strain and the deformation behavior between fibrous caps and normal 
intima specimens. Because the curve of TF4 exhibited concavity downwards in the low-
stress region, it was excluded from the theoretical identification of material constants 
by curve-fitting described in the following section.  
Figure 2.4(a) presents the medial-side surfaces of the straight specimens used 
for the stretching tests. In Fig. 2.4(b), the side view of the horizontally curved 
specimens is shown in the stress-free state, achieved by soaking in physiological saline 
in a petri dish. In CF1-CF3 and TF1-TF4, specimens were recognized by their color, 
because plaques were white or yellow. White regions are predominantly fibrous [108] 
and yellow regions contain lipid depositions [109]. In Fig. 2.4 (b), the average 
curvatures (mm-1) of the lumen between the black lines, which are marked on the 
medial-side surface (luminal surface for CN2), are 0.077, 0.013*, -0.025* for CF1-3, 
0.010*, 0.115, 0.113, -0.125, 0.012* for CN1-5, 0.001*, -0.048, 0.012*, -0.002* for 
TF1-4 and 0.096, 0.003*, -0.182 for TN1-3, respectively. Note that the curvature is 
positive in the case of a lumenward concavity and asterisks in the superscripts indicate 
that the specimen is almost straight between the marked lines. 
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Figures 2.5(a) and 2.5(b) present the area fraction of collagen, type I collagen, 
and elastin contents of carotid artery and thoracic aorta specimens, respectively, 
subjected to histological analysis. In both the carotid artery and thoracic aorta, the 
fibrous caps had a higher percentage of collagen area than the normal intima. 
Considering all specimens together, the fibrous cap specimens had a collagen content 
(area fraction) of 50.1% ± 15.8% (mean ± standard deviation) (n = 7), while normal 
intima specimens had a value of 12.8% ± 3.6% (n = 8). The difference in collagen 
content between fibrous caps and normal intima was statistically significant (p = 










Figure 2.3. Stress–strain curves for (a) carotid artery and (b) thoracic aorta 
specimens. CN and TN indicate normal intima specimens and CF and TF are 










Figure 2.4. (a) Back view (medial-side surface) of the specimens and (b) side view 
of the specimens in the stress-free state, i.e., the horizontally curved specimens in 









Figure 2.5. Area fractions of collagen, type I collagen, and elastin contents in (a) 
carotid artery and (b) thoracic aorta specimens. 
 
 
2.3.2 Reproducibility of uniaxial stress–strain relationships of the hyperelastic 
models 
2.3.2.1 Error estimation of curve-fitting to the uniaxial stress–strain curves 
Figures 2.6(a) and 2.6(b) present the curve-fitting results for the carotid artery 
and thoracic aorta, respectively, obtained using the GOH model. The curve-fitting 
results are summarized in Fig. 2.7 as percentages of relative error values. Table 2.3 lists 
a comparison between the four models using the mean, standard deviation and 
maximum of the curve-fitting errors as indices for comparison. An error of < 10% for 
curve-fitting was obtained using the CF and GOH models for all 14 specimens, the 
Yeoh model for 13 specimens (except TN1 with an error of 13.2%) and Ogden model 
for 12 specimens (except CF3 and TF3; errors of 21.3% and 17.6%, respectively) (see 
Fig. 2.7). In the Ogden model, φ = 0 (see Table 2.3) resulted in the loss of one material 
constant, which increased the error, as described above. Using conventional curve-
fitting, the CF and GOH models again described all of the stress-strain curves with an 
error of < 10%, the Yeoh model for 13 specimens (except TN1 with an error of 15.5%) 
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and for the Ogden model they were derived for all 14 specimens. Table 2.4 lists the 






Figure 2.6. Curve-fitting results using the Gasser-Ogden-Holzapfel (GOH) model 















Table 2.3. Relative error comparison between the four models. 
Relative error (%) Ogden Yeoh CF GOH 
Mean 6.2 4.0 4.3 4.4 
Standard deviation 5.6 2.9 1.2 1.5 








Table 2.4. Material constants obtained in the four hyperelastic models for curve-fitting to experimental stress–strain curves. 
ID Young's modulus (kPa) 




(kPa) 𝜑 𝛼2 𝑟 𝜈 
𝑐∗ 
(kPa) 𝜈 
CF1 4.02×101 1.56×102 1.03×105 0 6.16×101 1.51×10-3 2.92×103 1.88×104 3.13×103 
CF2 8.34×102 3.59×104 6.50×105 0 6.99×101 1.90×10-3 6.05×103 3.09×105 8.25×103 
CF3 5.99×101 2.37×103 4.89×103 0 4.56×101 2.06×10-3 1.77×102 1.99×104 1.57×102 
CN1 9.64×101 9.30×101 1.08×103 4.72×10-1 2.15×101 5.20×10-2 5.08×101 1.73×103 7.38×101 
CN2 6.78×101 4.92×102 5.66×103 0 3.15×101 7.77×10-3 2.17×102 6.29×103 2.48×102 
CN3 8.18×101 1.42×101 9.70 5.87×10-1 9.20 1.91 2.95×10-1 1.63×102 1.33 
CN4 6.14×101 4.18×10-2 3.42×102 7.92×10-1 2.09×101 1.92×10-1 1.93×101 5.28×102 3.79×101 
CN5 6.63×101 7.15×101 9.26×101 0 1.31×101 7.36×10-2 6.13 7.46×102 7.96 
TF1 1.31×103 2.29×104 2.85×105 3.21×10-1 5.56×101 4.44×10-3 2.98×102 1.93×105 5.26×103 
TF2 1.23×103 3.50×103 1.27×105 8.37×10-1 5.19×101 1.66×10-1 3.61×102 4.01×104 3.99×103 
TF3 8.54×101 3.22×103 1.12×104 0 4.83×101 1.98×10-3 9.84×101 2.78×104 2.92×102 
TN1 4.16×101 2.21×10-1 3.42×102 9.24×10-1 2.64×101 6.26×10-1 1.37×101 3.56×102 5.82×101 
TN2 1.47×102 4.55×10-1 1.63×104 8.78×10-1 4.69×101 1.16×10-1 3.32×102 4.47×103 1.10×103 





2.3.2.2 Sensitivity study of material constants of nonlinearity fitted to the stress–
strain curves 
The sensitivity of nonlinear material constants on the stress–strain curves was 
examined by varying each material constant while keeping the remaining material 
constants fixed. Figure 2.8 illustrates the influence of multiplier and nonlinearity 
constants on the stress–strain curves in the GOH, Ogden, and CF models. From the left 
to right, the thin solid curves in the figure correspond to: (a) φ = 0*, 0.25, 0.50, 0.75, 
0.90, 0.95, 1; 𝛼2 (×101) = 12.3, 10.0, 8.00, 6.16*, 5.00, 4.00, 3.08; (b) r (×10-3) = 3.00, 
2.50, 2.00, 1.51*, 1.25, 1.00, 0.75; ν (×103) = 5.85, 5.00, 4.00, 2.92*, 2.30, 1.70, 1.46; 
(c) c* (×104 kPa) = 3.75, 3.00, 2.40, 1.88*, 1.50, 1.20, 0.94; ν (×103) = 6.26, 4.89, 4.00, 
3.13*, 2.44, 2.00, 1.57 (* indicates the material constants of specimen CF1 in Table 
2.4). 
The multipliers c* and 𝑘1 in the GOH model and φ in the Ogden model had 
similar effects. However, the nonlinearity constants ν  and 𝑘2  in the GOH model 
contributed to a high degree of nonlinearity, while 𝛼2 in the Ogden model influenced 
the entire strain range. This was also reflected in the Maclaurin series expansion of the 
unified CF-GOH model, where ν in the GOH model appeared only from the seventh 
order of strain (Eq. (2.41)). In CF model, ν (𝑏4 in Eq. (2.18)) had a smaller influence 















(c) GOH model 
Figure 2.8. Sensitivity of material constants in the nonlinear terms of the Ogden, 




Uniaxial loading tests were conducted on small fibrous cap and normal intima 
specimens obtained from human carotid artery and thoracic aorta, as well as histological 
examination of collagen fibers and elastic fibers. Fibrous caps with a large amount of 
collagen fibers were much stiffer than normal intimal regions. 
Then, the SED functions and uniaxial stress–strain relationships were 
formulated for four incompressible isotropic hyperelastic models with three material 
constants. In the formulation, the CF and GOH models were unified and the similarities 
and differences between them were examined. This is the first study to derive the initial 
tangent modulus under uniaxial loading for an exponential type of hyperelastic model 
with a quadratic exponent of strain components, i.e., the CF model. 
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Identification of the three material constants was carried out using the initial 
tangent modulus in the experimental stress–strain curve for the first material constant, 
with subsequent curve-fitting to the stress–strain curve in the stress range of 0–200 kPa 
for the remaining two material constants. The curve-fitting error estimation revealed 
that the CF and GOH models reproduced the stress–strain curves within a reasonable 
error of < 10%, while the Ogden and Yeoh models had two and one large errors, 
respectively. 
2.4.1 Initial tangent modulus  
2.4.1.1 Derivation of initial tangent modulus 
For an incompressible isotropic hyperelastic material, the relationship between 
the shear stress component 𝜎12 and engineering strain component 𝜀12 is given by [101]: 
 






) 𝜀12 (2.44) 
 
Although the shear modulus is derived from the coefficient of the above 
equation at zero strain, Maclaurin series (power series) expansion of strain is 
advantageous to examine the effects of material constants on the nonlinearity of the 





2.4.1.2 Experimental measurements of the initial tangent modulus of 
atherosclerotic fibrous caps 
Because fibrous caps have nonlinear stress–strain curves and also have a wide 
range of stiffness characteristics, it is necessary to apply a criterion of stress or strain to 
identify the region of the curve from which their initial tangent modulus can be 
estimated. Attempts have been made to define a strain-based criterion on the stress–
strain curves where a change in slope occurs, to estimate the initial elastic modulus of 
carotid arteries [110]. In our case, because of the marked differences in stiffness 
characteristics between the fibrous cap and normal specimens, a strain-based criterion 
would invariably result in either the inclusion of a small number of data points for the 
normal specimens, or some highly nonlinear portions of the fibrous cap specimens. A 
mixed criterion encompassing both stress and strain has been adopted to estimate the 
shear modulus of human atherosclerotic fibrous caps [103]. In the present study, 
however, it was found that a stress-based criterion (of <2–7 kPa) was able to encompass 
an adequate number of data points for both fibrous cap and normal specimens to obtain 
a reasonable estimation of the initial tangent modulus. 
The values of Young's modulus listed in Table 2.4 revealed no correlation with 
the area fraction of collagen and elastin for fibrous cap specimens. Young's moduli of 
fibrous caps CF2, TF1 and TF2 were higher than those of the normal intima specimens, 
i.e., the CN and TN specimens, while CF1, CF3 and TF3 were comparable even though 
all of the fibrous caps had large fraction areas of collagen and small fraction areas of 
elastin. At stress levels of > 20 kPa, the strains were smaller for all fibrous caps than 
for normal specimens. This indicated that stiffening of the fibrous cap was not reflected 
in the initial tangent modulus of the uniaxial stress–strain curve.  
The estimated values of the Young's modulus for fibrous caps in our study 
(Table 2.4), i.e., 40.2 kPa, 59.9 kPa and 834 kPa for the human carotid artery and 85.4 
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kPa, 1230kPa and 1310 kPa for the human thoracic aorta, are in agreement with two 
previous reports: 6 kPa to 891 kPa [104] in an indentation test for the human carotid 
artery and an average of 1200 kPa in a tensile test for the human iliac artery [57]. 
2.4.2 Hyperelastic models and determination of material constants 
2.4.2.1 Comparison between models for our proposed method of identification of 
material constants 
Three measures – mean, standard deviation, and maximum of the curve-fitting 
errors – were used as indices for our comparison between the four models (see Table 
2.3). The mean errors were comparable. The CF and GOH models achieved small 
values of standard deviation and maximum error, which indicate reasonable curve 
fitting to all stress-strain curves. The Yeoh model had a maximum error of 13.2% in 
one case, TN1, but this can be reduced to 4.0% by using four material constants. The 
Ogden model often took a value of 𝜑 = 0, which made the first term redundant, and 
the number of material constants was reduced to two to fit the stress-strain curves. 
2.4.2.2 Unified isotropic CF-GOH model and comparison between the CF and 
GOH models 
The unified isotropic CF-GOH model revealed that the term 𝑟 in the exponent 
(see Eqs. (2.28) and (2.41)) of the exponential function magnifies the initial tangent 
modulus, whereas the term 𝜈  has no influence. Therefore, the CF model does not 
require a neo-Hookean term in the SED function, whereas it is necessary in the GOH 
model where 𝑟 = 0. 
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2.4.2.3 Numbers of material constants used to describe the uniaxial tensile stress–
strain relationships of atherosclerotic arteries 
Various models with different number of material constants have been used to 
describe the uniaxial tensile stress–strain relationships of atherosclerotic arterial intima. 
Among polynomial forms, the five-parameter second-order polynomial model has been 
used for stress ranges of 0–400 kPa [89] and 0–1200 kPa [78], and a three-parameter 
Yeoh model for stress ranges of 0–600 kPa [86] and 0–800 kPa [85]. A power-law form, 
two-term Ogden model with four parameters has been used for a stress range of 0–400 
kPa [89]. Exponential forms with a linear component of strain invariant in the exponent, 
such as the two-parameter Demiray and three-parameter modified Mooney-Rivlin 
models, have been applied for curves in the range of 0–400 kPa [89]. Due to the 
different regions of atherosclerotic tissues studied and error measures used, it is difficult 
to compare the different studies directly to determine the number of parameters required 
for stress–strain curves. Our study can be compared to that of Teng et al. [89], who 
examined different models to describe the stress–strain curves of atherosclerotic fibrous 
caps for a stress range of 0–400 kPa, using the same error measure as given in Eq. (2.43). 
The error values reported by Teng et al. [89] were in the range of 16–26%, much higher 
than found here; using a two-term Ogden model with four parameters they obtained an 
error of 17.3%. These higher error values indicate that greater numbers of material 
constants would be needed to reduce the error values in the case of larger stress ranges.  
In previous studies, all material constants were determined simultaneously to fit 
to the curve only, without taking account of the initial tangent modulus. Error 
estimation was also conducted in the conventional manner and it was found that this 
method causes variation in the elastic modulus because the error is minimized against 
the curve. However, the method proposed in this study guarantees the value of the 
elastic modulus, because curve-fitting is conducted with a fixed value thereof. 
 
 48 
2.4.3 Limitations  
This study had some limitations. Biaxial tests are preferred to evaluate the 
anisotropic behavior of arterial tissues using square samples around 10 mm × 10 mm 
[111] to 13 mm × 13 mm in size [112, 113]. Based on these tests, anisotropic models, 
such as the GOH model, are widely utilized. In this study, uniaxial stretching was used, 
which is suitable for small specimens; therefore, isotropic models were adopted. 
Although the focus was on a stress range of 0–200 kPa for curve-fitting, which is closer 
to physiological loading conditions, tissue failure occurs at much higher levels of stress. 
Determination of the material constants over such a wide range of stress–strain curves 
may require more material constants for curve-fitting. Nonhomogeneous specimens 
exhibit non-uniform deformation behavior. This was not evaluated in this study. 
2.5. Conclusions 
Uniaxial stretching tests were conducted on human atherosclerotic fibrous caps 
and normal intimal tissues obtained from carotid artery and thoracic aorta samples, as 
well as histological examinations. The amount of collagen had a strong influence on 
the stiffness of the arterial tissues. A unified form of isotropic CF-GOH model was 
formulated by reducing the anisotropic CF and GOH models. Maclaurin series 
expansion of uniaxial stress–strain relationships revealed the Young's modulus 
representing the initial tangent modulus of the stress–strain curve and the contribution 
of material constants in the nonlinear function. By incorporating the initial tangent 
modulus of the experimental stress–strain curve, CF and GOH models gave a 
reasonable curve-fitting error of < 10%, while > 10% error was obtained in one case 
for the Yeoh model and two cases for the Ogden model. The Young's modulus values 
obtained from the experimental stress–strain curves in the present study were 
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comparable to those reported for human carotid and iliac arteries in the literature. In 
future studies, it is planned to apply the proposed methodology to arterial tissues 
affected by diseases such as aortic dissection [114]. 
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MECHANICAL IDENTIFICATION FOR HUMAN ASCENDING AORTA 
WITH AORTIC DISSECTION USING FUNG-TYPE HYPERELASTIC 
MODELS 
Abstract 
Ascending aorta dissection is a potentially fatal vascular condition commonly 
characterized by a separation of arterial layers leading to weakening and rupture of the 
aortic wall. Hyperelastic modeling with a robust representation of both the low-stress 
and high-stress regions will be advantageous for a mechanical identification of 
ascending aortic dissections. In this study, a novel mechanical characterization of 
ascending aorta dissection is carried out by incorporating the initial tangent modulus 
(characteristic of elastic fibers) from uniaxial and equibiaxial experimental stress-strain 
curves into Fung-type hyperelastic model. Firstly, the relations of initial tangent moduli 
were formulated for Fung-type model under biaxial and uniaxial loading conditions. 
Secondly, uniaxial and equibiaxial stress-strain curves pertaining to human ascending 
aorta dissection were obtained from literature. Thirdly, isotropic and orthotropic Fung-
type models were employed to describe the uniaxial and equibiaxial stress-strain curves, 
respectively. By examining the stress-strain relationships of the isotropic and 
orthotropic Fung-type models under uniaxial and equibiaxial loading, respectively, the 
material constants (𝑎11 − 𝑎12)  and (𝑎11 + 𝑎22 + 2𝑎33) − (3𝑎23 + 3𝑎31 − 2𝑎12) 
were identified to be responsible for the nonlinearity (collagen fiber recruitment) at 
higher stress ranges. The coefficients of nonlinearity showed a good correlation with 
the change in slope of the stress-strain curves at higher-stress regions. The coefficient 
(3𝑎22 + 2𝑎33 − 𝑎23 − 5𝑎31 + 3𝑎12)/(3𝑎11 + 2𝑎33 − 5𝑎23 − 𝑎31 + 3𝑎12)  showed a 
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good correlation with the direction dependent behavior of equibiaxial stress-strain 
curves under equibiaxial loading. Thus, a practical mechanical identification of 
ascending aortic dissection tissues was carried out with an examination of the 
contribution of material constants of Fung-type model in describing the initial tangent 
modulus, nonlinearity and anisotropic mechanical behavior. 
3.1 Introduction 
Ascending aortic dissection is a life threatening vascular disease involving a 
separation of the layers of the aorta, forming a false lumen, leading to the weakening 
of the vascular wall, aneurysmal dilatation, and rupture of the aorta [30]. Characterizing 
the mechanical behavior of ascending aortic dissection can provide important 
information on the underlying pathophysiological changes occurring during dissections. 
Mechanical characterization of arterial tissues typically involves experimental testing 
to determine their mechanical properties and theoretical modeling to represent their 
mechanical behavior using hyperelastic models. 
From the experimental viewpoint, uniaxial [12, 114-116] and biaxial stretching 
tests [70, 71, 117-120] have been carried out to identify the mechanical properties of 
human ascending aorta dissections and aneurysms. The influence of age [12, 114, 121], 
location of tissue in the ascending aorta [12, 71, 122] and amount of elastin and collagen 
[114] on the mechanical behavior have been evaluated. 
The initial tangent moduli from uniaxial and biaxial stress-strain curves have 
been estimated in human ascending aortic dissections and aneurysms [69, 70]. The 
influence of elastin on the initial tangent modulus of stress-strain curves has also been 
correlated from a microstructural viewpoint [123, 124]. Elastin content has been 
correlated with distensibility of ascending aorta dissection at a stress-range of 0-50 kPa 
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[114]. An accurate representation of initial tangent modulus in hyperelastic modeling 
may help to better understand the physical characteristics of ascending aortic dissection. 
For theoretical modeling, various hyperelastic models have been used to 
characterize the mechanical behaviors of human ascending aortic tissues [59]. 
Typically, a two-dimensional anisotropic Fung-type model without shear strain 
components [122, 125, 126] and Gasser-Ogden-Holzapfel model [118-120] have been 
employed to model the biaxial deformation behaviors of human ascending aorta. In case 
of uniaxial deformation of human ascending aorta, isotropic forms of Fung-type model 
and Gasser-Ogden-Holzapfel model have been employed [127]. 
Fung-type model, which is an exponential type of model containing a quadratic 
form of strain components in the exponent, is one of the most extensively used 
hyperelastic models in the field of arterial wall mechanics [128]. In a pioneering paper 
[37], Fung introduced a three-dimensional orthotropic model with a quadratic term of 
strain components and an exponential term containing both linear and quadratic terms 
of strain components. Later, various modifications were proposed on this model, such 
as, two-dimensional forms with quadratic and cubic terms of strain components in the 
exponent [49] and quadratic terms of strain components, with [129] and without shear 
strain components in the exponent [47]. Chuong and Fung [46] proposed a three-
dimensional orthotropic form, without shear strain components. Humphrey [23] 
presented the general form of the Fung-type model with shear strain components. While 
the preceding formulations were presented in an indicial notation of strain components, 
Tanaka and Yamada [50] introduced a three-dimensional transversely isotropic form of 
Fung-type model in direct notation, using a combination of the trace of Green's strain 
tensors and structural tensors. 
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The initial elastic modulus of incompressible hyperelastic models have been 
correlated with some of their material constants. The expressions of shear modulus for 
isotropic models such as, Mooney-Rivlin [101], Yeoh [83] and Ogden [101] models are 
well-known. Mihai and Goriely [65] derived a strain-dependent shear modulus at finite 
strain states for neo-Hookean, Mooney-Rivlin, Arruda-Boyce, Gent and Ogden models, 
as well as an isotropic Fung-type model, which contains a linear term of the first 
invariant of the right Cauchy-Green deformation tensor in the exponent of the 
exponential function. Chagnon et al. [68] derived the expressions of initial elastic 
moduli for an orthotropic hyperelastic model which was proposed by Holzapfel et al. 
[58]. Bhat et al. [127] derived the initial elastic modulus for the isotropic forms of Fung-
type model and Gasser-Ogden-Holzapfel model. 
In this study, the uniaxial and equibiaxial mechanical behaviors of human 
ascending aorta with dissection were identified using isotropic and orthotropic Fung-
type models incorporating the initial tangent moduli from experimental stress-strain 
curves. The three-dimensional orthotropic Fung-type model was formulated in direct 
notation using a combination of the trace of Green's strain tensor and structural tensors. 
The relationships between material constants of direct notation and indicial notation 
were shown. The initial tangent moduli of Fung-type model were derived in terms of 
its material constants under biaxial loading with a fixed ratio of orthogonal strain and 
uniaxial loading conditions. Uniaxial [114] and equibiaxial [71, 117, 118] stress-strain 
curves pertaining to human ascending aorta with dissection were collected from 
literature. The data of uniaxial stress-strain curves from Yamada et al. [114] was 
collected as an electric file of stress-strain data points. The data of equibiaxial stress-
strain curves from [71, 117, 118] were obtained by reading the data points from figures 
of stress-strain curves available in the published papers. Isotropic and orthotropic Fung-
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type models were applied to describe the uniaxial and equibiaxial stress-strain curves, 
respectively. Further, the contribution of the material constants in Fung-type model was 
investigated on the low-stress and high-stress regions of the stress-strain curves. 
3.2 Methods 
A mechanical identification of ascending aorta with dissection will be carried 
out using isotropic and orthotropic hyperelastic models incorporating the initial tangent 
modulus of experimental stress-strain curves. Uniaxial stress-strain curves pertaining 
to human ascending aortic dissections were obtained from Yamada as an electric file of 
stress-strain data points (Ref. [114]), and equibiaxial stress-strain curves for human 
ascending aortic dissections were obtained from Okamoto et al. [117], Choudhury et al. 
[71] and Deplano et al. [118] by reading the data points from figures of stress-strain 
curves available in the published papers, for the mechanical characterization. Table 3.1 
lists the attributes of the specimens for which the uniaxial equibiaxial stress-strain 
curves were obtained. 
 
Table 3.1. Specimen attributes for uniaxial and equibiaxial stress-strain curves 
obtained from Yamada et al. [114], Okamoto et al. [117], Choudhury et al. [71] 
and Deplano et al. [118]. 
Tissue 
condition 




Uni AD1_52M, AD2_58M, AD8_62M, AD9_67M [114] 
Eqb ADd1_57 [118] 
>70 Uni AD3_78F, AD4_77F, AD5_79F, AD6_85F, AD7_79F [114] 
Dilated <70 
Eqb DLc1Lt _57*, DLc2Lb_58*, DLc3Mt_57*, DLc4Mb_58*, 
DLc5Pt_57*, DLc6Pb_58* 
[71] 




Uni CN3_68M, CN4_63F, CN6_59M, CN7_58M, CN8_56M, CN9_61F [114] 
Eqb CNc1L_53*, CNc2M_53*,CNc3P_53* [71] 
Eqb CNd1_65* [118] 
>70 Uni CN1_86F, CN2_75M, CN5_78F, CN10_75F [114] 
AD: aortic dissection, CN: healthy /control tissues, DL: dilated tissues, d: Deplano [118], c: Choudhury 
[117], o: Okamoto [117], L/M/P: lateral/medial/posterior segments of aortic ring, t/b: tricuspid/bicuspid 




By extending the method for the isotropic form of Fung-type model [127], 
relations of initial tangent moduli for the orthotropic Fung-type model will be derived 
in terms of their material constants under uniaxial and biaxial loading conditions. 
Subsequently, the initial tangent moduli will be incorporated into their stress-strain 
relationships by replacing one or two of their material constants, in case of uniaxial and 
equibiaxial loading conditions, respectively. Isotropic Fung-type model was employed 
to describe the uniaxial mechanical behavior and orthotropic Fung-type model was 
employed to describe the equibiaxial stress-strain curves. Further, the contribution of 
Fung-type model material constants on the nonlinear regions of the curve will be 
examined. 
3.2.1 Strain-energy density function of Fung-type hyperelastic model 
Fung-type hyperelastic model is incompressible and orthotropic and its strain-
energy density function (SEDF) has a quadratic form of strain components as [23, 128] 
 
 𝑊 = 𝑎{exp𝑄 − 1} +
1
2
𝐻{det(2𝑬 + 𝑰) − 1} (3.1) 
 
 
𝑄 = 𝜈(tr𝑬)2 + 2𝜇 tr 𝑬𝟐 + 2𝛼1 tr 𝑬 tr𝑴1𝑬 + 4𝛽1 tr𝑴1𝑬
𝟐
+ 𝛾1(tr𝑴1𝑬)
2 + 2𝛼2 tr 𝑬 tr𝑴𝟐𝑬 + 4𝛽2 tr𝑴2𝑬
𝟐  
+ 𝛾2(tr𝑴2𝑬)
2 + 2(𝛼3 − 𝛼1 − 𝛼2) tr𝑴1𝑬 tr𝑴2𝑬 
(3.2) 
 
where 𝑬 is Green's strain tensor which consists of nominal and shear strain components 
and H is an indeterminate pressure. The exponent Q has nine material constants as 𝜈, 
𝜇, 𝛼1, 𝛽1, 𝛾1, 𝛼2, 𝛽2, 𝛾2, 𝛼3 and 𝑎 is the material constant outside the exponent. 𝑴1 
and 𝑴2 are structural tensors defined as: 
 




 𝑴2 = 𝒉2⊗𝒉2 (3.4) 
 
where 𝒉1 and 𝒉2 are unit tensors which are orthogonal to each other and shows the axes 
of material symmetries. If we assume that 𝒉1  and 𝒉2  coincide with the unit basis 
vectors 𝒆1 and 𝒆2 of the axes x1 and x2 in the Cartesian coordinate system O-x1x2x3, 
respectively. 
 
 𝑴1 = 𝒆1⊗𝒆1 (3.5) 
 
 𝑴2 = 𝒆2⊗𝒆2 (3.6) 
 
The exponent Q can be written as: 
 
 
𝑄 = (𝜈 + 2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1)𝐸11
2 + (𝜈 + 2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2)𝐸22
2
+ (𝜈 + 2𝜇)𝐸33
2 + 2(𝜈 + 𝛼3)𝐸11𝐸22 + 2(𝜈 + 𝛼2)𝐸22𝐸33
+ 2(𝜈 + 𝛼1)𝐸33𝐸11 + 4(𝜇 + 𝛽2)𝐸23
2 + 4(𝜇 + 𝛽1 + 𝛽2)𝐸12
2




where Eij are components of Green's strain tensor in the Cartesian coordinate system O-






2 + 2𝑎12𝐸11𝐸22 + 2𝑎23𝐸22𝐸33






where 𝑎11, 𝑎22, 𝑎33, 𝑎12, 𝑎23, 𝑎31, 𝑏12, 𝑏23, 𝑏31 are material constants [130].  
The incompressibility condition holds as: 
  
 det(2𝑬 + 𝑰) = 1 (3.9) 
or 




 𝜆1𝜆2𝜆3 = 1 (3.11) 
 
where, 𝜆1, 𝜆2, 𝜆3 are principal stretches in x1, x2, x3 directions, respectively. 







































2 1 2 0 0 4 0 1 0
2 1 0 2 0 0 4 0 1
2 1 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0 0
0 1 0 1 0 0 0 0 0
0 1 1 0 0 0 0 0 0
4 0 0 0 0 0 4 0 0
4 0 0 0 0 4 0 0 0












































































0 0 0 0 0 0 1/4 1/4 −1/4
0 0 1 0 0 0 −1/2 −1/2 1/2
0 0 −1 0 0 1 1/2 1/2 −1/2
0 0 −1 0 1 0 1/2 1/2 −1/2
0 0 −1 1 0 0 1/2 1/2 −1/2
0 0 0 0 0 0 −1/4 0 1/4
0 0 0 0 0 0 0 −1/4 1/4
1 0 1 0 0 −2 0 −1 0





































If the coordinate axes correspond to the principal direction of the strain, the 
shear strain components become zero as: 
 
  𝐸12 = 𝐸23 = 𝐸13 = 0 (3.14) 
 



























1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 1 1
0 0 0 0 1 0













2𝛼1 + 4𝛽1 + 𝛾1
2𝛼2 + 4𝛽2 + 𝛾2
𝜈 + 𝛼3
𝜈 + 𝛼2
















2𝛼1 + 4𝛽1 + 𝛾1
2𝛼2 + 4𝛽2 + 𝛾2
𝜈 + 𝛼3
𝜈 + 𝛼2













0 0 1 0 0 0
1 0 −1 0 0 0
0 1 −1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0























Chung-Fung (CF) model [46] assumes the above conditions. 
In case of isotropy, the material constants for anisotropic properties in Eq. (3.2) 
vanish as:  
 
 𝛼1 = 𝛼2 = 𝛼3 = 𝛽1 = 𝛽2 = 𝛾1 = 𝛾2 = 0  (3.17) 
 
or in Eq. (3.8) as: 
 𝑎11 = 𝑎22 = 𝑎33, 𝑎12 = 𝑎23 = 𝑎31, 𝑏12 = 𝑏23 = 𝑏31 (3.18) 
 
Then, the two sets of constants are related as: 
 
 𝑎11 = 2𝜇 + 𝜈; 𝑎12 = 𝜈; 𝑏12 = 4𝜇 = 2(𝑎11 − 𝑎12) (3.19) 
 
3.2.2 Stress-strain relationships of the normal stress components in Fung-type 
model 
Denoting the deformation gradient 𝑭, Cauchy stress 𝝈 can be calculated as: 
 
 𝝈 = 𝐽−1𝑭
𝜕𝑊(𝑬)
𝜕𝑬








𝝈 = 2𝐽−1𝑎 exp𝑄 [{𝜈(tr 𝑬) + 𝛼1(tr𝑴1𝑬) + 𝛼2(tr𝑴2𝑬)}𝑩
+ 𝜇(𝑩2 − 𝑩)
+ {𝛼1(tr𝑬) + 𝛾1(tr𝑴1𝑬) + (𝛼3 − 𝛼1 − 𝛼2)(tr𝑴2𝑬)}?̅?1
+ {𝛼2(tr𝑬) + (𝛼3 − 𝛼1 − 𝛼2)(tr𝑴1𝑬) + 𝛾2(tr𝑴2𝑬)}?̅?2
+ 4𝛽1(?̅?1𝑩+ 𝑩?̅?1 − 𝟐?̅?1) + 4𝛽2(?̅?2𝑩+ 𝑩?̅?2 − 𝟐?̅?2)] + 𝐻𝑰 
(3.21) 
 
where 𝑩 is the left-Cauchy Green deformation tensor and the structural tensors are 
converted in the current configuration (deformed state) as: 
 
 𝑴𝒊̅̅ ̅̅ = 𝑭𝑴𝒊𝑭
𝑻 (𝑖 = 1, 2) (3.22) 
 
 
Under stretch in the principal directions, the normal stress components in Eq. (3.21) 
can be written as: 
 
 
𝜎11 = 2𝑎 exp𝑄 (1 + 2𝐸11){(𝜈 + 2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1)𝐸11




𝜎22 = 2𝑎 exp𝑄 (1 + 2𝐸22){(𝜈 + 𝛼3)𝐸11




𝜎33 = 2𝑎 exp𝑄 (1 + 2𝐸33){(𝜈 + 𝛼1)𝐸11 + (𝜈 + 𝛼2)𝐸22
+ (𝜈 + 2𝜇)𝐸33} + 𝐻 
(3.25) 
 
3.2.3 Stress-strain relationships of Fung-type model under biaxial and uniaxial 
stretches 
Under biaxial loading condition in the plane x1-x2, the normal stress component 
in the x3 direction is free as: 
 




Then the normal stress components in the direction 1 and 2 are expressed as: 
 
 
𝜎11 = 2𝑎 exp𝑄 [(1 + 2𝐸11){(𝜈 + 2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1)𝐸11
+ (𝜈 + 𝛼3)𝐸22 + (𝜈 + 𝛼1)𝐸33}




𝜎22 = 2𝑎 exp𝑄 [(1 + 2𝐸22){(𝜈 + 𝛼3)𝐸11
+ (𝜈 + 2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2)𝐸22 + (𝜈 + 𝛼2)𝐸33}





𝜎11 = 2𝑎 exp(𝑄) [(1 + 2𝐸11)(𝑎11𝐸11 + 𝑎12𝐸22 + 𝑎31𝐸33)




𝜎22 = 2𝑎 exp(𝑄) [(1 + 2𝐸22)(𝑎12𝐸11 + 𝑎22𝐸22 + 𝑎23𝐸33)




Under uniaxial loading along x1, the normal stress components in x2 and x3 
direction are free as: 
 
 𝜎22 = 𝜎33 = 0 (3.31) 
 
Then the uniaxial stress-strain relationship is given as: 
 
 
𝜎11 = 2𝑎 exp𝑄 [(1 + 2𝐸11){(𝜈 + 2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1)𝐸11
+ (𝜈 + 𝛼3)𝐸22 + (𝜈 + 𝛼1)𝐸33}
− (1 + 2𝐸22){(𝜈 + 𝛼3)𝐸11 + (𝜈 + 2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2)𝐸22
+ (𝜈 + 𝛼2)𝐸33}] 
(3.32) 
 
In case of isotropy, the uniaxial stress-strain relationship becomes: 
 
 
𝜎11 = 2𝑎 exp𝑄 [(1 + 2𝐸11){(𝜈 + 2𝜇)𝐸11 + (𝜈)𝐸22 + (𝜈)𝐸33}








𝜎11 = 2𝑎 exp(𝑄) [(1 + 2𝐸11)(𝑎11𝐸11 + 𝑎12(𝐸22 + 𝐸33))






𝑄 = (𝜈 + 2𝜇)𝐸11
2 + (𝜈 + 2𝜇)𝐸22
2 + (𝜈 + 2𝜇)𝐸33
2 + 2(𝜈)𝐸11𝐸22





 𝑄 = 𝑎11(𝐸11
2 + 𝐸22
2 + 𝐸33
2 ) + 2𝑎12(𝐸11𝐸22 + 𝐸22𝐸33 + 𝐸33𝐸11) (3.36) 
 
3.2.4 Stress-strain relationships and initial tangent moduli of Fung-type model in 
infinitesimal strain state under biaxial, uniaxial stretches and shear loading 
(A)  Biaxial stretch with a fixed ratio in the orthogonal directions 
 
In case of a biaxial stretch in the plane x1-x2 with a fixed ratio of orthogonal 
strains r, the strains and principal stretches are related as: 
 
 𝑒22 = 𝑟𝑒11 (3.37) 
or 





 𝜆2 = 1 + 𝑒22 = 1 +  𝑟𝑒11 (3.39) 
 































2 − 1) =
1
2
((1 +  𝑟𝑒11)














−2(1 +  𝑟𝑒11)




















For an infinitesimal strain state, these strain components are approximated as 
 
 






𝐸22 ≈ 𝑒22 = 𝑟𝑒11 (3.45) 
 
 
𝐸33 ≈ 𝑒33 = −(𝑒11 + 𝑒22) = −(1 + 𝑟)𝑒11 = −(1 +
1
𝑟
) 𝑒22 (3.46) 
 
where an incompressibility condition was used for the above third relation. Then, in the 
vicinity of zero strain, by neglecting higher-order terms of infinitesimal strains, the 
stress-strain relationships in Eq. (3.27) and (3.28) can be linearized in terms of e11 or 
e22, respectively, as: 
 
 
𝜎11 = 2𝑎{(4𝜇 + 4𝛽1 + 𝛾1) + (2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)𝑟}𝑒11 (3.47) 
 
 
𝜎22 = 2𝑎 {(4𝜇 + 4𝛽2 + 𝛾2) + (2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)
1
𝑟
} 𝑒22 (3.48) 
 
Therefore, initial tangent moduli under biaxial stretch with a fixed ratio of 





𝐸𝑏1 = 2𝑎{(4𝜇 + 4𝛽1 + 𝛾1) + (2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)𝑟} (3.49) 
 
 






In the case of equibiaxial stretch, the ratio r is 1. Then the initial tangent moduli 
are written as 
 
 𝐸𝑒𝑞−1 = 2𝑎(6𝜇 + 4𝛽1 + 𝛾1 + 𝛼3 − 𝛼1 − 𝛼2) (3.51) 
 
 𝐸𝑒𝑞−2 = 2𝑎(6𝜇 + 4𝛽2 + 𝛾2 + 𝛼3 − 𝛼1 − 𝛼2) (3.52) 
 
In case of isotropy it becomes:  
 
 𝐸𝑒𝑞−1 = 𝐸𝑒𝑞−2 = 12𝑎𝜇 (3.53) 
 
Replacing the constants 4𝛽1 + 𝛾1 and 4𝛽2 + 𝛾2 by the initial tangent moduli 
𝐸𝑒𝑞−1 and 𝐸𝑒𝑞−2, respectively, as: 
 
 4𝛽1 + 𝛾1 =
𝐸𝑒𝑞−1
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3 (3.54) 
 
 4𝛽2 + 𝛾2 =
𝐸𝑒𝑞−2
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3 (3.55) 
 
Then, incorporating the above two equations in Eq. (3.27) and (3.28), the stress- 





𝜎11 = 2𝑎 exp𝑄 [(1
+ 2𝐸11) {(𝜈 + 2𝜇 + 2𝛼1 + (
𝐸𝑒𝑞−1
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3))𝐸11
+ (𝜈 + 𝛼3)𝐸22 + (𝜈 + 𝛼1)𝐸33}




𝜎22 = 2𝑎 exp𝑄 [(1 + 2𝐸22) {(𝜈 + 𝛼3)𝐸11
+ (𝜈 + 2𝜇 + 2𝛼2 + (
𝐸𝑒𝑞−2
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3))𝐸22
+ (𝜈 + 𝛼2)𝐸33}
− (1 + 2𝐸33){(𝜈 + 𝛼1)𝐸11 + (𝜈 + 𝛼2)𝐸22 + (𝜈 + 2𝜇)𝐸33}] 
(3.57) 
 
where, the exponent Q is given by: 
 
 
𝑄 = (𝜈 + 2𝜇 + 2𝛼1 + (
𝐸𝑒𝑞−1
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3))𝐸11
2
+ (𝜈 + 2𝜇 + 2𝛼2 + (
𝐸𝑒𝑞−2
2𝑎
− 6𝜇 + 𝛼1 + 𝛼2 − 𝛼3))𝐸22
2
+ (𝜈 + 2𝜇)𝐸33
2 + 2(𝜈 + 𝛼3)𝐸11𝐸22 + 2(𝜈 + 𝛼2)𝐸22𝐸33




(B) Uniaxial stretch in x1 axis 
 
In this section, infinitesimal strain states are considered. For a compressible 
orthotropic linear elastic material, the relationship between the infinitesimal strain 𝑒𝑖𝑗 









































































































For an incompressible material, the incompressibility constraint 
 
 𝑒11 + 𝑒22 + 𝑒33 = 0 (3.60) 
 
















where (i, j, k) are (1, 2, 3), (2, 3, 1) or (3, 1, 2). 
Under uniaxial stretch along axis x1, the boundary conditions 
 
 𝜎22 = 𝜎33 = 𝜎12 = 𝜎23 = 𝜎31 = 0 (3.62) 
 





;  𝑒22 = −
𝜈12
𝐸1
𝜎11 = −𝜈12𝑒11;  𝑒22 = −
𝜈13
𝐸1
𝜎11 = −𝜈13𝑒11 (3.63) 
 
Substituting the above relations to the incompressibility condition (3.60), the 




 1 − 𝜈12 − 𝜈13 = 0 (3.64) 
 
 
With boundary conditions (3.62) and linearization, the indeterminate pressure 
𝐻 can be obtained from Eq. (3.24) and (3.25) as: 
 
 𝐻 = −2𝑎{(𝜈 + 𝛼3) − (𝜈 + 2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2)𝜈12 − (𝜈 + 𝛼2)𝜈13}𝑒11 (3.65) 
  
 𝐻 = −2𝑎{(𝜈 + 𝛼1) − (𝜈 + 𝛼2)𝜈12 − (𝜈 + 2𝜇)𝜈13}𝑒11 (3.66) 
 
Since the indeterminate pressure 𝐻 is equal, the coefficients in Eq. (3.65) and 
(3.66) take the same value. Then, with Eq. (3.64), the material constants 𝜈12 and 𝜈13 
can be obtained as: 
 
 𝜈12 =
2𝜇 − 𝛼1 − 𝛼2 + 𝛼3
4𝜇 + 4𝛽2 + 𝛾2
;  𝜈13 =
2𝜇 + 4𝛽2 + 𝛾2 + 𝛼1 + 𝛼2 − 𝛼3
4𝜇 + 4𝛽2 + 𝛾2
 (3.67) 
 
Using Eq. (3.67), the uniaxial stress-strain relationship can be written as: 
 
 
𝜎11 = 2𝑎[(2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1 − 𝛼3) + (2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2 − 𝛼3)𝜈12
+ (𝛼2 − 𝛼1)𝜈13]𝑒11 
(3.68) 
 
Then the initial tangent modulus is obtained as: 
 
 
𝐸1 = 2𝑎[(2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1 − 𝛼3) + (2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2 − 𝛼3)𝜈12
+ (𝛼2 − 𝛼1)𝜈13] 
(3.69) 
 





𝐸1 = 2𝑎 [2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1 − 𝛼3
+
(2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2 − 𝛼3)(2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)
4𝜇 + 4𝛽2 + 𝛾2
+
(2𝜇 + 4𝛽2 + 𝛾2 + 𝛼1 + 𝛼2 − 𝛼3)(𝛼2 − 𝛼1)




Under isotropy (Eq. (3.17)), it becomes: 
 
 𝐸 = 6𝑎𝜇 (3.71) 
 
 
(B) Shear loading in the plane normal to x1 axis along x2 axis 
 
In case of a shear loading in the plane normal to x1 axis along x2 axis, denoting 
the shear strain component as tan 𝜃, the deformation gradient tensor 𝑭 is given as: 
 
 𝑭 = [
1 0 0




Using the deformation tensor in Eq. (3.20), the stress-component 𝜎12 can be 
expressed as: 
 
 𝜎12 = 8𝑎 exp𝑄 (𝜇 + 𝛽1 + 𝛽2)𝐸12 (3.73) 
 
Under infinitesimal strain condition, the stress-strain relationship is obtained as: 
 
 𝜎12 = 8𝑎(𝜇 + 𝛽1 + 𝛽2)𝑒12 (3.74) 
 
Then, the initial tangent moduli under simple shear is obtained as: 
 




 𝐺12 = 2𝑎𝑏12 (3.76) 
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The summary of initial tangent moduli for incompressible orthotropic and 
isotropic Fung-type models under uniaxial stretch, simple shear and equibiaxial stretch 





Table 3.2. Initital tangent moduli of Fung-type model in terms of its material 
constants under uniaxial, simple shear and equibiaxial loading conditions: (a1) 
Orthotropic, uniaxial and simple shear, (a2) Orthotropic, equibiaxial, (b1) 
Isotropic, uniaxial and shear, (b2) Isotropic, equibiaxial. 
(a1) Orthotropic, uniaxial and simple shear 
Material constants with structural tensors Material constants aij 
Uniaxial loading: 
𝐸1
= 2𝑎 [2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1 − 𝛼3
+
(2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2 − 𝛼3)(2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)
4𝜇 + 4𝛽2 + 𝛾2
+
(2𝜇 + 4𝛽2 + 𝛾2 + 𝛼1 + 𝛼2 − 𝛼3)(𝛼2 − 𝛼1)




= 2𝑎 {2𝜇 + 2𝛼2 + 4𝛽2 + 𝛾2 − 𝛼3
+
(2𝜇 + 2𝛼1 + 4𝛽1 + 𝛾1 − 𝛼3)(2𝜇 + 𝛼3 − 𝛼1 − 𝛼2)
4𝜇 + 4𝛽1 + 𝛾1
+
(2𝜇 + 4𝛽1 + 𝛾1 + 𝛼1 + 𝛼2 − 𝛼3)(𝛼1 − 𝛼2)




= 2𝑎 {2𝜇 − 𝛼1
+
(2𝜇 + 𝛼1 + 4𝛽1 + 𝛾1)(𝛼1 + 𝛼2 − 𝛼3 − 2𝜇)
2𝜇 + 4𝛽1 + 𝛾1 + 𝛼1 + 𝛼2 − 𝛼3
+
(4𝜇 + 4𝛽1 + 𝛾1)(𝛼3 − 𝛼2)




𝐺12 = 8𝑎(𝜇 + 𝛽1 + 𝛽2) 
𝐺23 = 8𝑎(𝜇 + 𝛽2) 
𝐺31 = 8𝑎(𝜇 + 𝛽1) 
Uniaxial loading: 
𝐸1
= 2𝑎 {𝑎11 − 𝑎12 − 𝑎31
+
(𝑎22 − 𝑎12 + 𝑎31)(𝑎33 − 𝑎31 + 𝑎12) − 𝑎23
2






= 2𝑎 {𝑎22 − 𝑎23 − 𝑎12
+
(𝑎33 − 𝑎23 + 𝑎12)(𝑎11 − 𝑎12 + 𝑎23) − 𝑎31
2






= 2𝑎 {𝑎33 − 𝑎31 − 𝑎23
+
(𝑎11 − 𝑎31 + 𝑎23)(𝑎22 − 𝑎23 + 𝑎31) − 𝑎12
2






𝐺12 = 2𝑎𝑏12 
𝐺23 = 2𝑎𝑏23 















(a2) Orthotropic, equibiaxial 
Material constants with structural tensors Material constants aij 
Equibiaxial loading in plane x1-x2: 
𝐸𝑒𝑞−1 = 2𝑎{6𝜇 + (4𝛽1 + 𝛾1) + (𝛼3 − 𝛼1 − 𝛼2)} 
𝐸𝑒𝑞−2 = 2𝑎{6𝜇 + (4𝛽2 + 𝛾2) + (𝛼3 − 𝛼1 − 𝛼2)} 
 
Equibiaxial loading in plane x2-x3: 
𝐸𝑒𝑞−2
= 2𝑎{6𝜇 + (4𝛽2 + 𝛾2) + 2(4𝛽1 + 𝛾1)
− 3(𝛼3 − 𝛼1 − 𝛼2)} 
𝐸𝑒𝑞−3 = 2𝑎{6𝜇 + 2(4𝛽1 + 𝛾1) − (𝛼3 − 𝛼1 − 𝛼2)} 
 
Equibiaxial loading in plane x3-x1: 
𝐸𝑒𝑞−3 = 2𝑎{6𝜇 + 2(4𝛽2 + 𝛾2) − (𝛼3 − 𝛼1 − 𝛼2)} 
𝐸𝑒𝑞−1
= 2𝑎{6𝜇 + (4𝛽1 + 𝛾1) + 2(4𝛽2 + 𝛾2)
− 3(𝛼3 − 𝛼1 − 𝛼2)} 
Equibiaxial loading in plane x1-x2: 
𝐸𝑒𝑞−1 = 2𝑎{(𝑎11 + 2𝑎33) − (𝑎23 + 3𝑎31 − 𝑎12)} 
𝐸𝑒𝑞−2 = 2𝑎{(𝑎22 + 2𝑎33) − (3𝑎23 + 𝑎31 − 𝑎12)} 
 
Equibiaxial loading in plane x2-x3: 
𝐸𝑒𝑞−2 = 2𝑎{(𝑎22 + 2𝑎11) − (𝑎31 + 3𝑎12 − 𝑎23)} 
 
 
𝐸𝑒𝑞−3 = 2𝑎{(𝑎33 + 2𝑎11) − (3𝑎31 + 𝑎12 − 𝑎23)} 
 
Equibiaxial loading in plane x3-x1: 
𝐸𝑒𝑞−3 = 2𝑎{(𝑎33 + 2𝑎22) − (𝑎12 + 3𝑎23 − 𝑎31)} 
𝐸𝑒𝑞−1 = 2𝑎{(𝑎11 + 2𝑎22) − (3𝑎12 + 𝑎23 − 𝑎31)} 
 
(b1) Isotropic, uniaxial and simple shear 
Material constants with structural tensors Material constants aij 
Uniaxial loading: 
𝐸 = 6𝑎𝜇 
 
Simple shear: 
𝐺 = 8𝑎𝜇 
Uniaxial loading: 
𝐸 = 3𝑎(𝑎11 − 𝑎12) 
 
Simple shear: 
𝐺 = 2𝑎𝑏12 
 
(b2) Isotropic, equibiaxial 
Material constants with structural tensors Material constants aij 
𝐸𝑒𝑞−1 = 𝐸𝑒𝑞−2 = 12𝑎𝜇 𝐸𝑒𝑞−1 = 𝐸𝑒𝑞−2 = 6𝑎(𝑎11 − 𝑎12) 
 
3.2.5 Determination of initial tangent moduli from experimental curves and 
remaining material constants by curve-fitting. 
In case of the uniaxial stress-strain curves from Yamada et al. [114], all the 
stress data points were shifted downward so as to be stress-free when the strain is 0 and 
the initial tangent modulus was estimated by obtaining the tangent of a linear regression 
line for the strain region from 0 to 0.02. The data points of equibiaxial curves from 
Choudhury et al. [71] which were in the form of solid lines were obtained with a strain 
interval of 0.015. In case of Okamoto et al. [117] and Deplano et al. [118] the data 
points were read from all the visible symbols. Then the experimental initial tangent 
moduli were determined by drawing a straight line from the origin to the nearest data 
point, so as not to exceed the data points in each stress-strain curve. 
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Replacing the material constants with initial tangent moduli by using Eq. (3.51), 
(3.52) and (3.70), the remaining constants were determined by curve-fitting. The 
uniaxial stress-strain curves for human ascending aorta with acute dissections [114] 
were characterized by isotropic Fung-type model. The equibiaxial mechanical behavior 
of healthy and dilated human ascending aorta from Okamoto et al. [117], Choudhury et 
al. [71] and Deplano et al. [118] were determined by the orthotropic Fung-type model. 
The curve-fitting was performed using the MATLAB (MathWorks, Natick, MA, USA) 
function fmincon, with the least-squares method [66], by simultaneously minimizing 
the residuals for the stress-strain relationships in the two directions (circumferential and 
longitudinal) to match the respective stress-strain curves. 
3.2.6 Positive definiteness of the exponent in the Fung-type model 
Positive definiteness of the exponent Q (see Eq. (3.2)) in the exponential 
function of Fung-type model was satisfied based on the Sylvester's criterion [133]. The 










𝑎11𝑎22𝑎33 + 2𝑎12𝑎23𝑎31 − 𝑎31
 2 𝑎22 − 𝑎23
 2 𝑎11 − 𝑎12


















} > 0 
(3.80) 






;  𝑘23 =
𝑎23
√𝑎22𝑎33






Then, the criteria for positive definiteness for 𝑎12, 𝑎23, 𝑎31 can be expressed in 
terms of 𝑘12, 𝑘23, 𝑘31 as: 
 
 
−1 < 𝑘12 < 1; −1 < 𝑘23 < 1; −1 < 𝑘31 < 1 (3.82) 
 
 
𝑘12𝑘23 −√(1 − 𝑘12
 2 )(1 − 𝑘23
 2 ) < 𝑘31 < 𝑘12𝑘23 +√(1 − 𝑘12
 2 )(1 − 𝑘23
 2 ) 
(3.83) 
 
To understand the condition presented in Eq. (3.83) by means of visualization, 
the inequality is plotted in Figure 3.1. For uniaxial curve-fitting: 0 < 𝑘12 < 1  was 
assumed, and in case of equibiaxial curve-fitting: 0 < 𝑘12, 𝑘23, 𝑘31 < 1 was assumed. 
 




3.3.1 Identification of uniaxial mechanical behavior of human ascending aorta 
with dissection 
The material constants obtained from curve-fitting is listed in Table 3.3 and the 
fits to the stress-strain curves are presented in Fig. 3.2. The initial tangent modulus 
obtained for aortic dissection (AD) and control (CN) curves are plotted in Fig. 3.3. The 
patients were categorized by their age into two categories, i.e., <70 years and >70 years 
of age. The mean values were 66.4 kPa and 102.9 kPa for AD and CN, respectively. 
The difference in initial tangent modulus of AD and CN curves was found statistically 


















Figure 3.2. Curve-fitting for uniaxial stress-strain curves for patients with/without 
acute ascending aorta dissections: (a) < 70 years and (b) > 70 years of age [114]. 
 
 
Table 3.3. Estimated material constants for uniaxial stress-strain curves of human 
ascending aorta dissections [114]. 





𝑎 (kPa) 𝑎11 𝑎12 
AD 
<70 
AD1_52M 58.2 37.42 5.18×10-1 0 
AD2_58M 64.6 25.30 8.51×10-1 0 
AD8_62M 53.4 61.53 6.36×10-1 3.47×10-1 
AD9_67M 33.3 8.55 5.58 4.28 
>70 
AD3_78F 67.5 23.76 2.62 1.67 
AD4_77F 80.7 4.89 7.20 1.70 
AD5_79F 82.3 6.07 4.52 0 
AD6_85F 93.3 2.33 13.35 0 
AD7_79F 64.6 3.69 5.87 3.90×10-2 
CN 
<70 
CN3_68M 89.8 21.32 7.02 5.62 
CN4_63F 116.3 11.11 3.49 0 
CN6_59M 81.7 9.57 2.85 0 
CN7_58M 92.7 37.29 1.80 9.73×10-1 
CN8_56M 87.5 131.26 5.42×10-1 3.19×10-1 
CN9_61F 113.6 11.31 3.35 0 
>70 
CN1_86F 120.9 6.69 8.26×101 7.65×101 
CN2_75M 105.2 7.54 5.25 6.03×10-1 
CN5_78F 110.9 12.05 3.07 0 









Figure 3.3. Initial tangent modulus (in kPa) for uniaxial stress-strain curves of 
human ascending aorta dissection (AD) and control (CN) curves [114]. 
 
3.3.2 Identification of equibiaxial mechanical behavior of human ascending aorta 
with dissection and aneurysms 
The curve-fitting results are presented in Figures 3.4 to 3.8, which also depict 
the initial tangent moduli used for curve-fitting with dotted lines. The determined 
material constants are listed in Table 3.4. The specimens were classified as aortic 
dissection (AD), dilated (DL) and healthy (CN), according to their condition. Table 3.5 
shows the comparison of initial tangent moduli calculated using the material constants 


































Figure 3.4. Curve-fitting result for mean stress-strain curve of the medial segment 
(denoted as MED) of human ascending aorta from (a) healthy, (b) tricuspid aortic 
















Figure 3.5. Curve-fitting result for mean stress-strain curve of the lateral segment 


























Figure 3.6. Curve-fitting result for mean stress-strain curve of the posterior 
segment (denoted as POST) of human ascending aorta from (a) healthy, (b) TAV 













Figure 3.7. Curve-fitting result for equibiaxial stress-strain curves of (a) healthy 













Figure 3.8. Curve-fitting result for the stress-strain curve of a dilated human 






Table 3.4. Estimated material constants for equibiaxial stress-strain curves of human ascending aorta with dissection and aneurysms [71, 
117, 118]. 
Type Specimen ID 
Initial tangent moduli (kPa) Material constants of the orthotropic Chuong-Fung model 
𝐸𝑒𝑞−1 𝐸𝑒𝑞−2 𝑎 (kPa) 𝑎11 𝑎22 𝑎33 𝑎12 𝑎23 𝑎31 
AD ADd1_57 518.4 647 29.72 4.16 21.01 3.75 4.39 7.34 1.11×10-9 
DL 
DLc1Lt _57* 25.8 29.5 18.54 5.22 4.99 5.02 2.50 4.14 4.31 
DLc2Lb_58* 24 25.4 18.87 3.32 4.30 2.78 1.13 2.70 2.23 
DLc3Mt_57* 9.5 22.4 11.18 3.94 5.91 2.71 9.89×10-1 3.00 2.30 
DLc4Mb_58* 27.2 29.8 59.55 1.46 2.46 9.19×10-1 7.96×10-2 1.16 6.65×10-1 
DLc5Pt_57* 9.5 11.9 16.33 8.39 12.97 6.41 2.03×10-1 6.97 4.72 
DLc6Pb_58* 24.5 17.9 11.51 3.67 7.63 2.43 7.63×10-1 3.65 1.53 
DLo1t _65 173.1 163.7 6.35 6.21 7.53 7.30 6.44 4.17 3.15 
DLo2b_49 112.7 94.9 7.23 3.45 3.59 2.73 1.09×10-1 8.20×10-1 1.32×10-1 
CN 
CNc1L_53* 20.3 25.2 17.99 4.55 4.83 3.24 1.22 2.97 2.90 
CNc2M_53* 12 25.7 20.29 1.76 4.06 1.63 0.43 2.02 1.04 
CNc3P_53* 17.6 17.6 10.15 4.77 4.67 3.06 7.51×10-1 2.65 2.71 
CNd1_65* 332.7 412 12.22 3.63 25.57 7.06 5.21 9.35 3.62×10-8 
                              𝐸𝑒𝑞−1, 𝐸𝑒𝑞−2: circumferential, longitudinal initial tangent moduli 
 
Table 3.5. Elastic moduli calculated from material constants of Fung-type model during equibiaxial loading. 
Type Specimen ID 𝐸1 𝐸2 𝐸3 (𝐸1 + 𝐸2) 2⁄  
AD ADd1_57 467.0 594.6 287.1 530.8 
DL 
DLc1Lt _57* 41.7 44.3 13.8 43.0 
DLc2Lb_58* 39.2 40.1 12.3 39.7 
DLc3Mt_57* 23.3 29.9 7.7 26.6 
DLc4Mb_58* 50.0 51.1 14.2 50.6 
DLc5Pt_57* 20.6 20.9 5.3 20.7 
DLc6Pb_58* 37.4 33.8 10.6 35.6 
DLo1t _65 11.0 9.9 82.2 10.5 
DLo2b_49 74.5 59.0 51.1 66.7 
CN 
CNc1L_53* 37.2 39.7 11.4 38.5 
CNc2M_53* 27.8 35.0 9.2 31.4 
CNc3P_53* 28.9 28.9 8.8 28.9 




In this chapter a mechanical identification methodology was introduced 
incorporating the initial tangent moduli for an incompressible isotropic and orthotropic 
forms of Fung-type hyperelastic models. We demonstrated their curve-fitting ability by 
applying it to uniaxial or equibiaxial stress-strain curves for human ascending aorta 
dissection specimens with/without dissection or dilation. 
3.4.1 Initial tangent moduli of ascending aorta specimens with/without dissection 
or dilation 
The initial tangent moduli for equibiaxial stress-strain curves from Okamoto et 
al. [117] exhibited a large difference of 60-90 kPa between the two age-related curves 
(Table 3.4), with the older patient showing a much stiffer mechanical behaviour than 
the younger one. Ferrara et al. [69] also evaluated an elastic modulus at a low-stress 
region and observed that ascending aorta aneurysms become less-compliant with age. 
This stiffening behavior may be explained as a result of severe elastin fragmentation 
resulting in the much earlier transfer of load bearing functionality on to the stiffer 
collagen fibrils [26, 121].  
 
Table 3.6. Initial tangent modulus of human thoracic aorta. 





True aneurysm Biaxial 1450 ± 250 [70] 
Dilated 
Uniaxial 
(circumferential) 560 ± 361 
[69] Uniaxial 
(longitudinal) 574 ± 357 
 
The aortic dissection (AD) curves showed a clearly lower initial tangent 
modulus compared to control (CN) curves (p = 1.68×10-4, Welch's t-test), with their 
mean value being 35% lower than the CN specimens (Figure 3.3), which is in line with 
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the observations of Yamada et al. [114]. Hyperelastic formulations incorporating the 
information of initial tangent modulus is a useful tool in establishing a relationship with 
the histological changes in ascending aorta dissections and aneurysms. 
3.4.2 Contribution of the material constants on the deformation behaviour at 
various strain levels 
The contribution of the material constants on the stress-strain behavior at low 
and high stress regions was examined by obtaining the expressions for stress at strain 
levels of 0.01, 0.1, 0.2, 0.3 and 0.4, along with the expression of initial tangent moduli. 
Table 3.7 and 3.8 present the contribution of material constants in isotropic model under 
uniaxial condition and orthotropic model under equibiaxial conditions, respectively. In 
the isotropic model under uniaxial loading, the term (𝑎11 − 𝑎12)  or 𝑎11(1 − 𝑘12)  
plays the role of degree of nonlinearity. In the orthotropic model under equibiaxial 
loading, the term in the multiplier determines the degree of anisotropy, while the term 
in the exponent is common for both directions. 
 
Table 3.7. Contribution of material constants of isotropic form of Fung-type model 
on initial tangent modulus (at zero-strain) and the deformation behavior at 
various strains under uniaxial loading along direction x1. 
 CF model - isotropic 
ITM* (E) 𝐸 = 3𝑎(𝑎11 − 𝑎12) = 3𝑎𝑎11(1 − 𝑘12) 
𝜎1 at strain = 0.01 0.01 × 1.01𝐸
(1 − 0.9997𝑘12)
1 − 𝑘12
exp{1.5002 × 10−4𝑎11(1 − 0.9999𝑘12)} 
𝜎1 at strain = 0.1 0.1 × 1.12𝐸
(1 − 0.9748𝑘12)
1 − 𝑘12
exp{0.0152 × 𝑎11(1 − 0.9868𝑘12)} 
𝜎1 at strain = 0.2 0.2 × 1.29𝐸
(1 − 0.9162𝑘12)
1 − 𝑘12
exp{0.0623 × 𝑎11(1 − 0.9535𝑘12)} 
𝜎1 at strain = 0.3 0.3 × 1.49𝐸
(1 − 0.8435𝑘12)
1 − 𝑘12
exp{0.1457 × 𝑎11(1 − 0.9101𝑘12)} 
𝜎1 at strain = 0.4 0.4 × 1.74𝐸
(1 − 0.7679𝑘12)
1 − 𝑘12
exp{0.2712 × 𝑎11(1 − 0.8610𝑘12)} 






Table 3.8. Contribution of material constants of the orthotropic form of Fung-type 
model on initial tangent modulus (at zero-strain) and the deformation behavior at 
various strains under equibiaxial loading in the plane x1-x2. 
    *ITM: Initial tangent modulus 
 
 
3.4.3 Determination of material constants of isotropic Fung-type model with global 
minimum root mean square error 
To understand the accuracy of results with variation of material constants, the 
variation of root mean square error (RMSE) and 𝑎11 was estimated with respect to 
variation of 𝑘12 from 0 to 1. Three curves, CN1_86F, AD6_85F and AD2_58M were 
 CF model - orthotropic 
ITM* 
𝐸𝑒𝑞−1 = 𝑎{(2𝑎11 + 4𝑎33) − (2𝑎23 + 6𝑎31 − 2𝑎12)} 
 
𝐸𝑒𝑞−2 = 𝑎{(2𝑎22 + 4𝑎33) − (6𝑎23 + 2𝑎31 − 2𝑎12)} 
𝜎11, 𝜎22 at  
strain = 0.01 
0.01𝑎{(2.05𝑎11 + 3.75𝑎33) − (1.93𝑎23 + 5.91𝑎31 − 2.05𝑎12)} 
exp[1.01 × 10−4{(𝑎11 + 𝑎22 + 3.77𝑎33) − (3.88𝑎23 + 3.88𝑎31 − 2𝑎12)}] 
 
0.01𝑎{(2.05𝑎22 + 3.75𝑎33) − (5.91𝑎23 + 1.93𝑎31 − 2.05𝑎12)} 
exp[1.01 × 10−4{(𝑎11 + 𝑎22 + 3.77𝑎33) − (3.88𝑎23 + 3.88𝑎31 − 2𝑎12)}] 
𝜎11, 𝜎22 at  
strain = 0.1 
0.1𝑎{(2.54𝑎11 + 2.17𝑎33) − (1.43𝑎23 + 5.27𝑎31 − 2.54𝑎12)} 
exp[0.0110{(𝑎11 + 𝑎22 + 2.28𝑎33) − (3.03𝑎23 + 3.03𝑎31 − 2𝑎12)}] 
 
0.1𝑎{(2.54𝑎22 + 2.17𝑎33) − (5.27𝑎23 + 1.43𝑎31 − 2.54𝑎12)} 
exp[0.0110{(𝑎11 + 𝑎22 + 2.28𝑎33) − (3.03𝑎23 + 3.03𝑎31 − 2𝑎12)}] 
𝜎11, 𝜎22 at  
strain = 0.2 
0.2𝑎{(3.17𝑎11 + 1.25𝑎33) − (1.06𝑎23 + 4.79𝑎31 − 3.17𝑎12)} 
exp[0.0484{(𝑎11 + 𝑎22 + 1.38𝑎33) − (2.35𝑎23 + 2.35𝑎31 − 2𝑎12)}] 
 
0.2𝑎{(3.17𝑎22 + 1.25𝑎33) − (4.79𝑎23 + 1.06𝑎31 − 3.17𝑎12)} 
exp[0.0484{(𝑎11 + 𝑎22 + 1.38𝑎33) − (2.35𝑎23 + 2.35𝑎31 − 2𝑎12)}] 
𝜎11, 𝜎22 at  
strain = 0.3 
0.3𝑎{(3.89𝑎11 + 0.76𝑎33) − (0.81𝑎23 + 4.47𝑎31 − 3.89𝑎12)} 
exp[0.1190{(𝑎11 + 𝑎22 + 0.89𝑎33) − (1.88𝑎23 + 1.88𝑎31 − 2𝑎12)}] 
 
0.3𝑎{(3.89𝑎22 + 0.76𝑎33) − (4.47𝑎23 + 0.81𝑎31 − 3.89𝑎12)} 
exp[0.1190{(𝑎11 + 𝑎22 + 0.89𝑎33) − (1.88𝑎23 + 1.88𝑎31 − 2𝑎12)}] 
𝜎11, 𝜎22 at  
strain = 0.4 
0.4𝑎{(4.70𝑎11 + 0.48𝑎33) − (0.62𝑎23 + 4.25𝑎31 − 4.70𝑎12)} 
exp[0.2340{(𝑎11 + 𝑎22 + 0.59𝑎33) − (1.54𝑎23 + 1.54𝑎31 − 2𝑎12)}] 
 
0.4𝑎{(4.70𝑎22 + 0.48𝑎33) − (4.25𝑎23 + 0.62𝑎31 − 4.70𝑎12)} 
exp[0.2340{(𝑎11 + 𝑎22 + 0.59𝑎33) − (1.54𝑎23 + 1.54𝑎31 − 2𝑎12)}] 
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chosen for this evaluation. Fig. 3.9 shows the results for curves CN1_86F, AD6_85F 
and AD2_58M, respectively. 
The curves CN1_86F showed a global minimum of RMSE of 3.25 at 𝑘12 =
0.927 and a second minimum of 3.54 at 𝑘12 = 0. AD6_85F also showed a similar 
distribution of RMSE, however, the global minimum was 2.501 at 𝑘12 = 0 and second 
minimum of 2.554 at 𝑘12 = 0.865 (see Table 3.9). In case of AD2_58M, the global 
minimum was found as 2.031 at 𝑘12 = 0 and then RMSE increased with 𝑘12. Thus, 
there can be different patterns of curve-fitting for the material constants to arrive at the 
global minimum RMSE within the allowable range of material constants. The definition 












where, 𝜎𝑖𝑒 and 𝜎𝑖
𝑝 are the ith experimental value and predicted result, 𝑛 is the number 
of data points and 𝑚 is the number of fitted material constants. 
 
 
Table 3.9. Material constants for curve CN1_86F, AD6_85F and AD2_58M 








(kPa) 𝑎11 𝑎12 𝑎11 − 𝑎12 
RMSE 
(kPa) n m 
CN1_86F 120.9 6.69 8.26×10
1 7.65×101 6.03 3.25 497 
2 
1.94 2.07×101 0 2.07×101 3.54 
AD6_85F 93.3 2.33 13.35 0 13.35 2.501 649 5.73 4.00×101 3.46×101 5.42 2.554 
AD2_58M 64.6 25.30 8.51×10-1 0 8.51×10-1 2.031 1552 











Figure 3.9. Variation of a11, RMSE with respect to k12 for curves (a) CN1_86F 
(n=497, m=2), (b) AD6_85F (n=649, m=2), (c) AD2_58M (n=1552, m=2). 
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3.4.4 Contribution of the material constants in the isotropic Fung-type model at 
low- and high-stress regions 
From Table 3.8 it was obtained that the term (𝑎11 − 𝑎12) in the exponential 
plays the role of nonlinearity in the isotropic Fung-type model. Figure 3.10 shows the 
schematic description of contribution of material constants and their correlation with 
the structural components of arterial wall. The correlation of initial tangent modulus 
(E) and (𝑎11 − 𝑎12)  was investigated with the characteristics of the experimental 
stress-strain curves (Fig. 3.2), a tangent between a low-stress of 0-20 kPa (𝐸𝑙𝑜𝑤) and a 
tangent between a high-stress of 20-120 kPa (𝐸ℎ𝑖𝑔ℎ), respectively (Fig. 3.11). The initial 
tangent modulus (E) showed a good correlation with 𝐸𝑙𝑜𝑤 with an R2 value of 0.86 (Fig. 
3.12). In case of term (𝑎11 − 𝑎12) an R2 value of 0.59 was obtained (Fig. 3.13). Using 
the second minimum RMSE results of CN1_86F, where the nonlinearity term 
dominates, a better correlation (R2 = 0.85) was obtained with 𝐸ℎ𝑖𝑔ℎ values (Fig. 3.13). 
 
 
Figure 3.10. Schematic description of the contribution of material constants and 


















Figure 3.12. Linear regression between slope at low-stress region (Elow) and initial 













Figure 3.13. Linear regression between slope at high-stress region (Ehigh) and the 
term of nonlinearity (a11-a12). Orange coloured data point and regression line 
correspond to the second minimum RMSE results of curve CN1_86F. 
3.4.5 Contribution of the material constants in the orthotropic Fung-type model 
on anisotropy 
As a measure of nonlinearity of the stress-strain curves, 𝐸ℎ𝑖𝑔ℎ was obtained for 
each curve of biaxial test in the circumferential and longitudinal directions, and an 
average value 𝐸ℎ𝑖𝑔ℎ_𝑎𝑣𝑔  was calculated for each specimen. From Table 3.8, taking 
average of the coefficients of the material constants from strain of 0.01 to 0.4, it can be 
deduced that the term (𝑎11 + 𝑎22 + 2𝑎33) − (3𝑎23 + 3𝑎31 − 2𝑎12) in the exponent 
could represent the nonlinearity of Fung-type model under equibiaxial loading. Linear 
regression of this term with 𝐸ℎ𝑖𝑔ℎ_𝑎𝑣𝑔 showed a good correlation (R2 = 0.78) suggesting 
it as a useful measure of change in stiffness of the stress-strain curves at finite strains 
(Fig. 3.14). 
As a measure of anisotropic behavior, the ratio of 𝐸ℎ𝑖𝑔ℎ was obtained between 
the longitudinal (𝐸ℎ𝑖𝑔ℎ_𝑙𝑜𝑛𝑔) and circumferential directions (𝐸ℎ𝑖𝑔ℎ_𝑐𝑖𝑟𝑐). The ratio was 
close to 1 for relatively isotropic specimens, and increased with an increase of the 
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degree of anisotropy. The ratio (3𝑎22 + 2𝑎33 − 𝑎23 − 5𝑎31 + 3𝑎12)/(3𝑎11 + 2𝑎33 −
5𝑎23 − 𝑎31 + 3𝑎12) was compared with the measure of anisotropy and a correlation of 
R2 = 0.86 was obtained (Fig. 3.15). The anisotropic specimens were mostly found to be 




Figure 3.14. Linear regression between the average slope at high-stress region for 




Figure 3.15. Linear regression between the ratio of slopes at high-stress region in 




𝐸ℎ𝑖𝑔ℎ values were calculated as shown in Fig. 3.11 with an 𝜀𝐻 value of 0.23, 
0.285 and 0.115 for curves from  Okamoto et al. [117], Choudhury et al. [71] and 
Deplano et al. [118], respectively. A strain of 0.045 was used as 𝜀𝐿 in all these cases, 
assuming that the stress-strain curves are almost linear below this strain-level. 
3.4.6 Correlation of material constants in hyperelastic models with the aortic wall 
components 
Histological studies on aortic wall [135-137] have revealed that the low-stress 
part of the stress-strain curves are dependent on straightening of elastic fibers, whereas 
high-stress regions depend on the collagen fibers. The elastic modulus from uniaxial 
tensile tests at a low and high-stress levels have shown good correlations with the elastic 
and collagen fiber contents, respectively, for porcine aorta [138]. Sokolis [139] used a 
two-dimensional SEDF with a quadratic term of strain and a Fung-type term for porcine 
descending thoracic aorta, and correlated the material constants of the quadratic term 
with elastin content and material constants of the Fung-type term with waviness of 
collagen. In this study, the expressions of material constants of Fung-type model 
corresponding to low-stress levels were identified as initial tangent moduli and the 
expressions responsible for high-stress levels were identified by examining the stress-
strain relationships, and they were correlated with the characteristics of stress-strain 
curves at a low and high-stress levels, respectively.  
3.4.7 Limitations 
Only equibiaxial stress-strain curves were examined in this study among the 
biaxial tests in the literature. However, biaxial tests with different stretch ratio can be 





In this study, the uniaxial and equibiaxial mechanical behaviors and the initial 
tangent moduli of ascending aorta with dissection were characterized using isotropic 
and orthotropic Fung-type model, respectively. The direct notation of Fung-type model 
was presented using trace of Green's strain tensor and structural tensors. The initial 
tangent moduli of the incompressible orthotropic Fung-type model was formulated in 
terms of its material constants under biaxial loading condition with a fixed ratio of 
orthogonal strain and uniaxial loading condition. The contribution of the material 
constants were examined at finite strains. In the isotropic Fung-type model, an 
expression of material constant for nonlinearity was correlated with the characteristics 
of the experimental stress-strain curves at high-stress regions. In the orthotropic Fung-
type model, expressions of material constants responsible for directional behavior and 
were identified and correlated with the behavior of equibiaxial curves. The dissection 
specimens had a considerably lower uniaxial initial tangent modulus compared to the 
healthy specimens, suggesting a strong correlation with the mechanical properties of 
elastin. The orthotropic Fung-type model was able to describe the anisotropic behavior 
of ascending aortic tissues with the initial tangent moduli in two orthogonal stretching 
directions. This method is useful in identifying the mechanical behavior of ascending 
aorta with dissection which is known by its marked extensibility at low-stress regions 







FINITE ELEMENT ANALYSIS OF THE BULGING BEHAVIOR IN AN 
INTRACRANIAL VERTEBRAL ARTERY WITH DISSECTION 
Abstract 
Cerebral arterial dissection involves tearing of the intima and internal elastic 
lamina (IEL), widespread disruption of media, and drastic bulging of adventitia. The 
purpose of this study is to identify the mechanical factors which govern the bulging 
behaviour in cerebral arteries by finite element (FE) method. We modelled a cerebral 
artery assuming a rupture in the IEL and a separation between IEL and media, and 
applied physiological blood pressure on the luminal and dissected surfaces. FE analysis 
results show significant expansion of adventitia, indicating the importance of elastic 
properties of adventitia on the degree of bulging in cerebral arterial dissection. 
4.1 Introduction 
Arterial dissection is a vascular pathology in which tearing occurs in the walls 
of the artery which leads to various complications. In case of cerebral arteries, its unique 
histological structure causes various possible mechanisms for the progression of arterial 
dissection. Walls of a cerebral artery mainly consist of three regions - the intima, 
consisting of endothelial cells and IEL; the media, mainly consisting of smooth muscle 
cells; and the adventitia, made up of collagen fibers and fibroblasts [24]. Since the 
media is mainly composed of smooth muscle cells, IEL plays an important role in 
providing stiffness to cerebral arteries [140]. The interplay of these structural 
characteristics determine the pathogenesis of arterial dissection in cerebral arteries. 
Various researchers have attempted to identify the etiology and pathogenesis of 
cerebral arterial dissection. Mizutani et al. [34] classified the non-atherosclerotic 
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cerebral aneurysms into four types based on the pathological state of IEL and intima. 
In all the cases, damage to IEL was a common feature, with presence and absence of 
intimal thickening. The study of clinical cases with intracranial dissecting aneurysms 
(IDA) by Sakata et al. [141] revealed that medial disruption was widespread in most of 
the cases, resulting in an asymmetrically large expansion of the false-lumen formed 
between the media and adventitia, compared to the actual lumen. 
Arterial dissection has been analyzed mechanically mainly for elastic arteries 
using FE modeling. Gasser and Holzapfel [142] combined the cohesive crack concept 
with FE modeling to study the dissection of aortic media. Leng et al. [143] carried out 
numerical studies on delamination modes of aortic walls during dissection and 
compared the results with delamination experiments from porcine aorta samples. 
In this study, by FE modeling of cerebral artery which is a muscular artery, the 
classic dissecting aneurysm (Type 1) which was classified by Mizutani et al. [34] is 
simulated. The classic dissecting aneurysm involves widespread damage of IEL 
without intimal thickening and presence of a false lumen. The results of FE analysis are 
then discussed in light of histological findings reported in literature. 
4.2 Methods 
4.2.1 Geometrical Factors 
A non-atherosclerotic intracranial vertebral artery was modelled without intimal 
thickening, initially considering the four layers, i.e., intima, IEL, media, and adventitia. 
The diameter of IEL was obtained from histological images, and the thickness of intima 
and media were obtained from morphometric data of vertebral arteries reported by 
Sakata [141] based on autopsy of clinical cases with IDA. Initially, a separate intima 
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and IEL were considered. However, subsequently only an IEL layer was modelled to 
represent the intimal layer [144]. 
4.2.1.1 Effect of medial disruption in the intracranial vertebral artery dissection 
The dissection was modelled by assuming a radial rupture of intima and IEL, 
and a separation between IEL and media along the axial direction. Since the media is 
mainly made up of smooth muscle cells in case of cerebral arteries as opposed to fibrous 
laminae in elastic arteries, its capability to resist deformation is negligible. To simulate 
this lack of stiffness of medial region, in the dissected vertebral artery model, the medial 
layer was considered absent in the region of ruptured IEL (Fig. 4.1). The geometry was 
discretized using quadratic hexahedral elements with reduced integration and hybrid 
formulation (C3D20RH in Abaqus/CAE 2018, ©Dassault Systèmes). To evaluate the 
influence of medial disruption along the circumferential direction, three cases were 
modelled, i.e., 90°, 180° and 270° without any material in the media as shown in Fig. 
4.2. 
  
Figure 4.1. Meshed model of the dissected vertebral artery indicating the radial 





Figure 4.2. FE models showing different circumferential disruption of media. 
4.2.1.2 Effect of curvature of bulged adventitia 
Fusiform dilatation of vessel wall is a characteristic feature of acute intracranial 
vertebral artery dissections. 2D Axisymmetric models with an elliptical and co-
sinusoidal bulged geometry were analyzed to evaluate the influence of curvature in a 
dissected intracranial vertebral artery (Fig. 4.3). 
 
 
Figure 4.3. Bulged adventitia geometry with an elliptical and co-sinusoidal shape. 
 
In the FE analysis, the arterial layers were assumed to be incompressible. 
Mechanical properties of intima, IEL and media were modelled by an orthotropic 
Gasser-Ogden-Holzapfel (GOH) hyperelastic model determined for carotid artery [145]. 
The adventitia was modelled with an incompressible isotropic 5-parameter reduced 
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polynomial model for a common carotid artery specimen with a physiological intimal 
thickening [146]. The values of material constants are listed in Tables 4.1 and 4.2.  
 
Table 4.1. Material constants based on Khamdaengyodtai et al. [145]. 
Layer 𝐶10 (kPa) 𝑘1 (kPa) 𝑘2 𝜅 𝛾 (deg) 
Intima 135.5 2.15 1.30 0 5 
IEL 125.5 - -   
Media 50.2 3.58 5.20 0 7 
 
Table 4.2. Material constants obtained from Yamada et al. [146]. 
Layer 𝐶1 (kPa) 𝐶2 (kPa) 𝐶3 (kPa) 𝐶4 (kPa) 𝐶5 (kPa) 
Adventitia 6.71 5.22 43.9 14.4 1.33 
 
Symmetric boundary conditions were applied on the two symmetric faces of the 
cylinder. A point was constrained at the section of symmetry (left sectional view in 
Figure 1) to avoid rigid body motion. An axial stretch of 1.1 was applied along the z-
direction on the top face. The effect of flow was not considered in this analysis. A static 
pressure load (p) of 16 kPa (120 mmHg) was applied on the luminal and dissection 
surfaces. 
4.2.2 Constitutive modeling 
4.2.2.1 Effect of change in stiffness of adventitia 
The influence of change in stiffness of adventitia was evaluated in case of a 
normal and dissected artery intracranial vertebral artery. The media predominantly 
made up of smooth muscle cells was modelled with a very low stiffness ne-Hookean 
model [147]. The IEL and adventitia were modelled using an isotropic form of GOH 
model obtained for the control curve CN7 for ascending thoracic aorta from Fig. 3.7(a) 
in Chapter 3 [114]. The material constants used are listed in Table 4.3. The stiffness of 
IEL and adventitia was changed by halving the material constants pertaining to initial 
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tangent modulus (𝐶1), multiplier (𝑘1) and nonlinearity (𝑘2), and halving all the three 
constants together. The uniaxial stress-strain curves for the normal, half-stiffness 
conditions and that for smooth muscle cells has been plotted in Fig. 4.4. Further, a 
softening behavior of adventitia at low-stress regions was simulated with Ogden model 
(Table 4.4 and Fig. 4.5) using an axisymmetric model. 
 
Table 4.3. Material constants used for the influence of change in stiffness. 
Layer Case 𝐶1 (kPa) 𝑘1 (kPa) 𝑘2 𝐷 κ 
IEL Normal 16.7 576.90 5.83 
0 1/3 
Adventitia Normal 16.7 576.90 5.83 
E/2 8.35 576.90 5.83 
k1/2 16.7 288.45 5.83 
k2/2 16.7 576.90 2.92 
all/2 8.35 288.45 2.92 
Media  Smooth 














Table 4.4. Scheme of softening of adventitia in the low-strain region in the FE 
analysis. 
Model E (kPa) (kPa) 
Ogden 1 66.3 22.1 13.1 








4.3.1 Effect of medial disruption  
Figures 4.6(a), (b) and (c) show the radial displacement results for a 
circumferential medial disruption of 90°, 180° and 270°, respectively. The maximum 
radial displacement increased by 91% with an increase of medial disruption from 90° 
to 270° indicating that IEL rupture followed by medial disruption can cause significant 













Figure 4.6. Radial displacement of the dissected artery (in mm) for a 
circumferential medial disruption of (a) 90° (b) 180° and (c) 270°. 
 
4.3.2 Effect of shape of bulged adventitia 
Figure 4.7 shows the stress-variation along the axial coordinate in the outer 
surface of adventitial wall with an elliptical and co-sinusoidal shape of bulged geometry, 
respectively. Notably, there was a sudden rise in stress at the end of bulged geometry 
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in case of elliptical geometry (Fig. 4.7 (a)) whereas in case of co-sinusoidal bulge, the 
maximum stress was around the region of change in curvature (Fig. 4.7 (b)). Hence, 
change in curvature of bulge play an important role by acting as stress risers in the 





Figure 4.7. Stress-variation along the outer surface of the adventitia with axial 




4.3.3 Effect of change in stiffness of IEL and adventitia 
Figure 4.8 shows the maximum principal stress and radial displacement at a 
blood pressure of 12 kPa (90 mmHg) in case of different stiffness conditions for the 
adventitial layer listed in Table 4.3. The effect of initial tangent modulus was marginal 
on the radial displacement (Fig. 4.8 (b)). Halving the multiplier induced a 9% increase 
in radial displacement (Fig. 4.8 (c)), while halving the nonlinearity term caused an 
increase of 15% (Fig. 4.8 (d)). The combined halving all three constants caused a 28% 
increase in radial displacement (Fig. 4.8 (e)). The softening of adventitia at low-strain 
region was simulated (Fig. 4.5) by an axisymmetric analysis with an Ogden model from 
curve CN5 of a normal intima from carotid artery (Chapter 2) as shown in Fig. 4.9. The 
























Figure 4.8. Maximum principal stress (in kPa) and displacement magnitude (in 
mm) in a dissected artery at 12 kPa with material property of adventitia: (a) 








Figure 4.9. Maximum principal stress (in kPa) and displacement magnitude (in 
mm) in a dissected artery at 16 kPa with material property of adventitia: (a) 




In summary, an FE model was created to simulate an intracranial vertebral 
arterial dissection. The results from the analysis showed both, the bulging behavior in 
the medial region and tendency to form stenosis, which are consistent with the reported 
observations in the literature. The effect of medial disruption and change of stiffness of 
IEL and adventitia were studied. Change in stiffness of adventitia at low-strain region 
was studied. The constant of nonlinearity in the isotropic form of Gasser-Ogden-
Holzapfel model reflected a greater weakening (softening) of adventitia at high-stress 
levels, than the constant of multiplier. Also, a significant expansion of adventitia was 
obtained with a combined effect of material constants of initial tangent modulus, 









This dissertation investigated a mechanical characterization methodology for 
arterial tissues using isotropic and orthotropic hyperelastic models, including the initial 
elastic moduli of stress-strain curves, with an application to atherosclerosis, and aortic 
and arterial dissections. Chapter 1 presented a background on the need for an accurate 
representation of arterial tissues and the motivation of this dissertation, i.e., to represent 
both the initial tangent modulus in the low-stress regions and the nonlinear high-stress 
regions of stress-strain curves using hyperelastic models. 
For the mechanical characterization of atheromatous intima, three material 
constants is a minimum requisite for practical fitting. In Chapter 2, typical forms of 
isotropic hyperelastic models with three-parameters were chosen to describe the 
uniaxial stress-strain curves. Conventionally, all the material constants in hyperelastic 
models are utilized for curve-fitting. Here, one of the material constants was used to 
represent the experimental value of initial tangent modulus, and remaining two material 
constants for fitting to the nonlinear high-stress regions. With the proposed approach, 
isotropic forms of Fung-type and Gasser-Ogden-Holzapfel (GOH) models gave a 
reasonable description of the stress-strain curves with the stress-range of < 200kPa. The 
expressions of initial elastic modulus for isotropic Fung-type and GOH models, which 
is not known in the literature, was presented here. 
Chapter 3 applied the proposed method to an orthotropic form, the Fung-type 
model. Fung-type model is one of the most extensively used models in vascular 
mechanics. The direct notation of Fung-type model using the trace of Green's strain 
tensor and structural tensors was known for a transversely isotropic material. Here, the 
general form of incompressible orthotropic Fung-type model with shear strain 
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components was formulated in direct notation and the relationships of its material 
constants with the indicial notation of the model were presented. The material constants 
of Fung-type model were correlated with the elastic moduli in linear elastic materials. 
Fung-type model including the initial tangent moduli, showed a reasonable description 
of the uniaxial and equibiaxial stress-strain curves pertaining to ascending aorta with 
dissection. Further, the expressions of material constants of Fung-type model 
responsible for initial tangent modulus at low-stress level and nonlinearity at high-stress 
levels were identified and correlated with the characteristics of stress-strain curves at 
the respective stress levels, which may reflect the contribution of elastic fibers and 
collagen fibers in the arterial wall, respectively. 
Chapter 4 examined the influence of geometry and constitutive modeling on the 
bulging behavior of a dissected intracranial vertebral artery using finite element (FE) 
analysis. Simulations were performed under various stiffness conditions of adventitia, 
by considering the effects of the material constants of initial tangent modulus, multiplier 
and nonlinearity of isotropic form of GOH model. The constant of nonlinearity in GOH 
model reflected a greater softening of adventitia at high-stress levels than the constant 
of multiplier. Thus, a larger radial bulging was obtained with the reduction of the 
constant of nonlinearity. 
Overall, a hyperelastic modeling methodology was proposed for arterial tissues 
including the initial elastic moduli, and the contribution of hyperelastic material 
constants were examined in describing experimental stress-strain curves. Future scope 
of this study is to characterize arterial tissues including their initial elastic moduli under 
various biaxial loading conditions, without limiting to equibiaxial tests, for a more 
comprehensive characterization of their anisotropic behavior.  
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APPENDIX: DERIVATION OF INITIAL TANGENT MODULUS FOR 
GASSER-OGDEN-HOLZAPFEL (GOH) MODEL 
The strain-energy density function (SEDF) of the Gasser-Ogden-Holzapfel 
model is formulated as: 
 
 


















 𝐸?̅? = 𝜅(𝐼1(𝑪) − 3) + (1 − 3𝜅)(𝐼4𝑖 − 1) (A.2) 
 
where  〈∙〉  are Macaulay brackets, 𝐶1, 𝑘1, 𝑘2, 𝜅  are material constants, D is an 
indeterminate pressure, and 𝐼1(𝑪)  is the first invariant of the right Cauchy-Green 
deformation tensor . The fourth invariant 𝐼4𝑖 is defined as: 
 
 𝐼4𝑖 = (𝒂0𝑖⊗𝒂0𝑖) ∶ 𝑪 (A.3) 
 
to describe the direction-specific mechanical properties of collagen fibers, where 𝑎0𝑖 is 
a directional unit vector representing the orientation of the ith family of collagen fibers 
(𝑖 = 1,2,3, … ,𝑁) and (:) is a symbol of contraction. 𝐼4𝑖 is equal to the square of stretch 





Figure A.1. Schematic representation of an arterial wall with two symmetrically 
oriented family of collagen fibers. 
 
Assuming that two family of fibers are embedded symmetrically [16] with an 
angle of 𝛾 between the circumference and the mean orientation 𝑎0𝑖 of the fiber families 
as shown in Fig. A.1 (𝑁 = 2), the fourth invariants are expressed as: 
 
 𝐼41 = 𝐼42 = 𝜆1
2 sin2 𝛾 + 𝜆2
2 cos2 𝛾 (A.4) 
 
Therefore the SEDF in Eq. (3.86) can be written as: 
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A.1 Stress-strain relationships of GOH model under uniaxial and equibiaxial 
loading conditions 





𝜆𝑖 + 𝐻;  𝑖 = 1,2,3 (A.7) 
 






+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
+ (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2
2 cos2 𝛾 − 1)][𝜅𝜆1
 2 + (1 − 3𝜅)𝜆1







+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
+ (1 − 3𝜅)(𝜆1
2 𝑠𝑖𝑛2 𝛾 + 𝜆2
2 𝑐𝑜𝑠2 𝛾 − 1)][𝜅𝜆2
 2 + (1 − 3𝜅)𝜆2







+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
+ (1 − 3𝜅)(𝜆1
2 𝑠𝑖𝑛2 𝛾 + 𝜆2
2 𝑐𝑜𝑠2 𝛾 − 1)][𝜅𝜆3
 2] + 𝐻 
(A.10) 
 
where, the exponent Q is expressed as: 
 
 𝑄 = 𝑘2 (𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3) + (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2




Under uniaxial loading along axis-1,  
 
 𝜎22 = 𝜎33 = 0 (A.12) 
 







 2 − 𝜆2
 2)
+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
+ (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2
2 cos2 𝛾 − 1)][𝜅(𝜆1
 2 − 𝜆2
 2)
+ (1 − 3𝜅)(𝜆1
2 sin2 𝛾 − 𝜆2





 𝑄 = 𝑘2 (𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3) + (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2




Under biaxial loading along plane 1-2, 𝜎33 = 0 . Then, the stress-strain 





 2 − 𝜆3
 2)
+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
+ (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2
2 cos2 𝛾 − 1)][𝜅(𝜆1
 2 − 𝜆3
 2) + (1 − 3𝜅)𝜆1






 2 − 𝜆3
 2)
+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3)
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2 sin2 𝛾 + 𝜆2
2 cos2 𝛾 − 1)][𝜅(𝜆2
 2 − 𝜆3
 2) + (1 − 3𝜅)𝜆2





 𝑄 = 𝑘2 (𝜅(𝜆1
 2 + 𝜆2
 2 + 𝜆3
 2 − 3) + (1 − 3𝜅)(𝜆1
2 sin2 𝛾 + 𝜆2




A.2 Initial tangent moduli under equibiaxial and uniaxial loading conditions 
Applying the condition of incompressibility 𝜆3 2 = 𝜆1−2𝜆2−2  and equibiaxial 







 2 − 𝜆1
−4)
+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(2𝜆1
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−4 − 3) + (1 − 3𝜅)(𝜆1
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 2 − 𝜆1
−4)
+ (1 − 3𝜅)𝜆1






 2 − 𝜆2
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+ 4𝑘1 𝑒𝑥𝑝𝑄 [𝜅(2𝜆2
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 𝑄 = 𝑘2 (𝜅(2𝜆1
 2 + 𝜆1





Then, by differentiating Eq. (A.18) with respect to 𝜆1  at 𝜆1 = 1  and 








= 12𝐶1 + 8𝑘1(1 − 3𝜅)








= 12𝐶1 + 8𝑘1(1 − 3𝜅)
2 cos2 𝛾 
(A.22) 
 
Further, in case of isotropy (𝜅 =1/3) [38], the initial tangent modulus becomes: 
 
 
𝐸𝑒𝑞−1 = 𝐸𝑒𝑞−2 = 12𝐶1 (A.23) 
 
Under uniaxial loading conditions, the principal stretches can be expressed in 
terms of nominal strains and material constants as: 
 




 𝜆2 = 1 + 𝜀2 = 1 − 𝜈12𝜀1 (A.25) 
 
 𝜆3 = 1 + 𝜀3 = 1 − 𝜈13𝜀1 (A.26) 
 
In case of infinitesimal strains, neglecting higher order terms, the square of 




 2 = (1 + 𝜀1)
2 = 1 + 𝜀1
 2 + 2𝜀1 = 1 + 2𝜀1 (A.27) 
 
 𝜆2
 2 = (1 + 𝜀2)
2 = 1 + 𝜀2
 2 + 2𝜀2 = 1 − 2𝜈12𝜀1 (A.28) 
 
 𝜆3
 2 = (1 + 𝜀3)
2 = 1 + 𝜀3
 2 + 2𝜀3 = 1 − 2𝜈13𝜀1 (A.29) 
 
Substituting these terms in the Eq. (A.15) and (A.16), the uniaxial stress-strain 




= 4𝐶1𝜀1(1 + 𝜈12)
+ 4𝑘1 𝑒𝑥𝑝𝑄 [2𝜅𝜀1(1 − 𝜈12 − 𝜈13)
+ (1 − 3𝜅)((1 + 2𝜀1) sin
2 𝛾 + (1 − 2𝜈12𝜀1) cos
2 𝛾 − 1)][𝜅𝜀1(1 + 𝜈12)
+ (1 − 3𝜅)((1 + 2𝜀1) sin






= 𝑘2 (2𝜅𝜀1(1 − 𝜈12 − 𝜈13)
+ (1 − 3𝜅)((1 + 2𝜀1) sin
2 𝛾 + (1 − 2𝜈12𝜀1) cos





Differentiating the above stress-strain relationship with respect to 𝜀1 at 𝜀1 = 0, 




= 4𝐶1(1 + 𝜈12)
+ 8𝑘1(1 − 3𝜅)(sin
2 𝛾 − cos2 𝛾)[𝜅(1 − 𝜈12 − 𝜈13)






Further, in case of isotropy, 𝜅 = 1 3⁄  [38] and 𝜈12 = 0.5 . Then the initial 
tangent modulus becomes, which is the same expression as in Chapter 2: 
 
 𝐸1 = 6𝐶1 (A.33) 
 
Table A.1 lists the expressions of initial tangent moduli for GOH model under 
uniaxial and biaxial loading conditions for orthotropic and isotropic materials.  
 
Table A.1. Initital tangent moduli of GOH model in terms of its material constants 
under uniaxial and equibiaxial loading conditions  
 Uniaxial Equibiaxial 
Orthotropic 
𝐸1
= 4𝐶1(1 + 𝜈12)
+ 8𝑘1(1 − 3𝜅)(sin
2 𝛾
− cos2 𝛾)[𝜅(1 − 𝜈12 − 𝜈13)
+ (1 − 3𝜅)(sin2 𝛾 − 2𝜈12 cos
2 𝛾)] 
Equibiaxial along plane 1-2: 
𝐸𝑒𝑞−1 = 12𝐶1 + 8𝑘1(1 − 3𝜅)
2 sin2 𝛾 
𝐸𝑒𝑞−2 = 12𝐶1 + 8𝑘1(1 − 3𝜅)
2 cos2 𝛾 
Isotropic 𝐸1 = 6𝐶1 𝐸𝑒𝑞−1 = 𝐸𝑒𝑞−2 = 12𝐶1 
 
 
3.2.2.4 Influence of GOH model material constants with strain levels 
The contribution of GOH model material constants at different strain levels was 
evaluated. Table A.2 shows the relations of stress at different strain levels for isotropic 
GOH model under uniaxial loading condition. The relations in Table A.2 were obtained 
from the uniaxial stress-strain relation shown in Eq. (A.34). Table A.3 shows the 
relations for stress for orthotropic GOH model under uniaxial loading condition. 
 
 𝜎1 = 2(𝜆1
2 − 𝜆1






















Table A.2. Contribution of material constants of isotropic CF model on initial 
tangent modulus (zero-strain) and at finite strains under uniaxial loading 
condition along direction 1. 
 GOH model - isotropic 
ITM* 6𝐶1 
𝜎1 at strain = 0.01 0.01 × 6𝐶1 + 1.9869 × 10−6𝑘1exp{9.8684 × 10−9𝑘2} 
𝜎1 at strain = 0.1 0.1 × 6.02𝐶1 + 0.0019𝑘1exp{8.8246 × 10−5𝑘2} 
𝜎1 at strain = 0.2 0.2 × 6.07𝐶1 + 0.0144𝑘1exp{0.0013𝑘2} 
𝜎1 at strain = 0.3 0.3 × 6.14𝐶1 + 0.0467𝑘1exp{0.0058𝑘2} 
𝜎1 at strain = 0.4 0.4 × 6.23𝐶1 + 0.1076𝑘1exp{0.0168𝑘2} 
     *ITM: Initial tangent modulus 
 
Table A.3. Contribution of material constants of orthotropic GOH model on initial 
tangent modulus (zero-strain) and at finite strains under equibiaxial loading 
condition along plane 1-2. 
 GOH model - orthotropic 
ITM 
𝐸𝑒𝑞−1 = 12𝐶1 + 8𝑘1(1 − 3𝜅)
2 sin2 𝛾 
𝐸𝑒𝑞−2 = 12𝐶1 + 8𝑘1(1 − 3𝜅)
2 𝑐𝑜𝑠2 𝛾 
𝜎1, 𝜎2 at  
strain = 0.01 
0.01 × 11.82𝐶1
+ 4𝑘1(0.0201 − 0.0591𝜅)(0.0591𝜅
+ sin2 𝛾 (1.0201 − 3.0603𝜅)) exp{𝑘2(0.0201 − 0.0591𝜅)
2} 
 
𝜎1, 𝜎2 at  
strain = 0.1 
0.1 × 10.54𝐶1
+ 4𝑘1(0.21 − 0.527𝜅)(0.527𝜅
+ sin2 𝛾 (1.21 − 3.63𝜅)) exp{𝑘2(0.21 − 0.527𝜅)
2} 
 
𝜎1, 𝜎2 at  
strain = 0.2 
0.2 × 9.58𝐶1
+ 4𝑘1(0.44 − 0.9577𝜅)(0.9577𝜅
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